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1. Introduction

The concepts of cost (overall) and allocative ef-
ficiencies were first introduced by Farrell, and then
developed by Fare, Grosskopf and Lovell by using
linear programming technologies.

In this paper, we show that, in a single input
case, the conventional cost efficiency is equal to the
technical efficiency, and there is no room for adopt-
ing cost factors into the cost efficiency evaluation.
Then, in a more general case, we demonstrate that,
if two decision making units (DMUs) have the same
amount of inputs and outputs, and one has unit-
cost for inputs twice the other, then the two DMUs
have the same cost (overall) and allocative efficien-
cies. After pointing out the irrationality of these ef-
ficiencies, we propose a new scheme that being free
from the above shortcomings has several favorable
properties.

2. Single Input Case

Theorem 1 For the single input case, the technical
efficiency 6* is equal to the cost efficiency v*.

Corollary 1 In the single input case, the allocative
efficiency is always one for every DMU.

This sounds very strange, since, in this case, the
input cost seems to
have nothing to do with the allocative efficiency.
3. General Case

Here we observe a more general case where we have
m inputs (z1,--.,Zm). Suppose that DMUs A and
B have the same amount of inputs and outputs, i.e.,
z4 = xp and y,4 = yg. Assume further that the
unit cost of DMU A is twice that of DMU B for each
input, i.e., ca4 = 2cp. Under these assumptions, we
have the following theorem:

Theorem 2 Both DMUs A and B have the same
cost (overall) and allocative efficiencies.

This also sounds very strange, since DMUs A and
B have the same cost and allocative efficiencies even
though the cost of DMU B is half that of DMU A.
4. A New Scheme
The previous two sections reveal the shortcomings
and irrationality of the cost and allocative efficien-
cies proposed thus far. These shortcomings are
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caused by the structure of the supposed production
possibility set P as defined by:

P={(z,y)le>XX\y<YAA>0}. (1)
P is defined only by using technical factors X =
(x1,...,2n) € R™™ and ¥ = (y,,...,y,) €

R**", but has no concern with the unit input cost
C=(c1,---,€n)-

Let us define an another cost-based production
possibility set P, as:

P.={(z y)lz>X\y<YA\A>0}, (2

where X = (Z4,-- with
;= (cljxlj, ceey ijil:m]')T.

Here, we assume that the matrices X and C are
non-negative, and all inputs are associated with
cost, although we discuss the inclusion of non-cost
inputs later. Also we assume that the elements of
Zi; = (cijzij) (V(i,7)) are denominated in homo-
geneous units, viz., dollars, so that adding up the
elements of Z;; has a meaning. Though we only as-
sume here the convexity for the sets P and P. as
defined respectively by (1) and (2), this convexity
issue can be discussed.

Based on this new production possibility set P,
a new technical efficiency 8* is obtained as the op-
timal solution of the following LP problem:

1 Zn)

[NTec] * = min 6 3)
subject to bz, > X\ (4) -
Yo SYA (5)
A>0. (6)
The new cost efficiency 5* is defined as
¥ =eZl/ex,, (7)

where e € R™ is a row vector with all elements
being equal to 1, and & is the optimal solution of
the LP given below:

[NCost| min e& (8)
subject to > XA\ (9
y, <YA (10)

A>0. 11)



Theorem 3 The new cost efficiency 5* is not
greater than the new technical efficiency 6*.

5. Differences Between the Two Models
In the traditional model, keeping the unit cost of
DMU, fixed at c,, the optimal input mix x* that
produces the output y, is found. As we observe in
the third section, this model does not pay attention
to possible choices of other unit costs.

In the new model, we search for the optimal in-
put mix Z* for producing y, (or more). More con-
cretely, the optimal mix is described as:

_"If: = Z cij:z:,-j/\;. (’l = 1, L 1m) (12)
i=1

Hence, it is assumed that, for a given output y,,
the optimal input mix can be found (and realized)
independently of the current unit cost ¢, of DMU,.

These points are the fundamental differences be-
tween the two models. Using the traditional one
we cannot recognize the existence of other cheaper
input mix, as we have demonstrated in the third
section.

Since the worldwide globalization of production
has become a current trend, we should be able to
~ find out the optimal input mix or, at least, to no-
tify the existence of cheaper ones through the cost
efficiency evaluation.

For comparisons of these two models, we demon-
strate a simple example concerning three DMUs A,
B and C with each using two inputs (z;,z2) to pro-
duce one output (y) along with input costs (¢, cp)
as exhibited in Table 1.

Table 1: Comparison of Two Schemes

Traditional
T] € o ¢ y 6 ¥* a”
A 10 10 10 10 1 0.5 0.35 0.7
B 10 1 10 1 1 05 0.35 0.7
C 5 3 2 6 1 1 1 1
New Scheme
Ty e T2 e y 6" ¥ a*
A 100 1 100 1 1 01 0.1 1
B 10 1 10 1 1 1 1 1
C 15 1 12 1 1 083 0.74 0.88

For DMUs A and B, the traditional model gives
the same technical (6*), cost (y*) and allocative
{a*) efficiency scores, as expected from Theorem 2.
DMU C is found to be the only best performer in
this framework.

However, the new scheme distinguishes DMU A
from DMU B by assigning them different techni-
cal and cost efficiency scores (See Table 1). This
is due to the difference in their unit costs. More-
over, DMU B is judged as both technically and cost
efficient due to its improvement in cost efficiency
score from 0.35(yg) to 1{(7g). As is seen in Table 1,
this cost difference brings out a drop in DMU A’s
cost efficiency score from 0.35(v%) to 0.1(5%). Also,
the optimal input mix is now changed: z} = 5 and
z3 = 2 in the old scheme, and z} = 10 and z§ = 10
in the new scheme.

6. Validating the New Scheme

Firstly, we point out that, if the unit cost for
inputs, ¢ = (c¢j,...,Cm), is the same among all
DMUs, the proposed new efficiencies are the same
as the traditional ones as described in the second
and third sections, and no strange phenomena oc-
cur in this case. However, it is quite usual that the
unit costs of inputs such as labor, material and cap-
ital differ from one DMU to another. We now inves-
tigate several characteristics of the new measures.
7. On the Monotonicity of New Measures

Theorem 4 Ifxy = xp, Y4 = yp and ¢4 > ¢,
then we have the following inequalities: 0% < 0%
and ¥4 < Jg. Furthermore, strict inequalities hold
ifca > cp.

Thus, the new
measure helps to secure us against the occurring
of the strange phenomenon observed in this paper.
8. Uses of the Two Technical Measures

We have two technical efficiency scores, 8* and 8*
for each DMU. The former is determined based only
on purely technical input factors, while the latter is
based on both input and cost factors. If, for a DMU,
6* is low and 0* is high, this suggests the need for
input reduction. On the other hand, if 6* is high
and 8* is low, the DMU needs an improvement in
cost factors, i.e., cost reduction. Thus, both effi-
ciency measures are utilized for characterizing the
DMU and at the same time, suggest directions for
improvement. Uses of these two measures prevent
the occurring of strange case described in the sec-
ond section.

References

1. Fare R, Grosskopf S and Lovell CAK (1985).
The Measurement of Efficiency of Production
Boston: Kluwer Nijhoff.

2. Féare R, Grosskopf S and Lovell CAK (1994).
Production Frontiers Cambridge: Cambridge
University Press.

0 —185—.





