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Abstract   

This paperinvestigates an optimalreplace－  

mentproblemofasysteminasemi－Markovenvi－  
ronment．rThesystemitselfdeterioratesaccording  

to asemi－Markov process，andis furtherinflu－  

encedbyitsenvironment）Whichchangesaccord－  
1ngtO aSemi－Markovprocess・Eachchangeof  
theenvironment，s5tatewi11changetheparame－  

tersmode11ingthesystemandalsocausedamage  

on the system・For minimlZlng the discounted  

totalcosts，WeShowtheexistenceofanoptimal  

controllimitpolicy・AspecialcaseofMarkoven－  
vironmentis discussed to obtain better results，  

andthestatespaceisreducedtobe丘nite・  

1Introduction   

Optimalreplacementproblemisaninterest－  

ingresearchareaforalongtime（see，e・g・，inCho  

andParlar（1991），Feldman（1976），Thangaraj  

andStanly（1992），Yeh（1996））・Itconsidersa  

systemthatwi11deteriorateandthusshouldbe  

replacedbyanewonewhenitdeterioratedtoo  

bad．Therearetwotypesofthedeteriorationcon－  

sideredinreliabilityliterature，Oneisduetothe  

operationofthesystemwhiletheotheriscaused  

byinfhence oftheenvironment to the system・  
Theinfluenceoccursintermittentlyandisoften  

describedbyaPoissonprocess・Butingeneral  
these two types of deterioration are considered 

Separatelyinliterature・   

Thispaperwi11furtherdiscussit）butthesys－  

temitselfdeterioratesaccordingtoasemi－Markov  

process・AIso，theenvironmentchangesaccord－  

1ngtOaSemi－Markovprocess・Eachchangeofthe  
environment，s state wi11change the paraIneterS  

modellingthesystemandalsocausedamageon  

thesystem．Weformulateitasasemi－Markovde－  

cisionprocessinasemi－Markovenvi†Onment，and  

show the existence ofthe optimalcontrollimit  

policyforbothfinite andinfinite horizon．Itis  

SimplifiedwhentheenvironmentisMarkov．  

2 SystemModel   

Thesystemconsideredhereisasfo1lows：  

（1）Thesystemisinasemi－Markovenvironment   
（（Jn，Ln），n≧0）withakernelGkkl（t）ona  

SetKofcountableenvironmentstates．Let  

勅紺＝Cたた′（∞）andGた（f）＝∑た′C紺（け  

（2）Duringanenvironmentstatek，thesystem   

itselfoperatesaccordingtoasemi－Markov   

processwiththekernel（堵（t），i，j∈S）  

and countablestate set S＝（0，1，2，…），  

WherethestateOrepresentsanewsystem，  

and statesl，2，．．．rePreSent the diffbrent  

degreesofdeteriorationofthesystem，and  

thebiggerthevalue，the more seriousthe   

却＝  
。  

（3）Supposethattheenvironmentisinstatek，  

thenoneofthefo1lowingtwoactionscanbe  

Chosenifthesystemstatetransferstoi：  

・OperateCOntinuallythesystem（den？ted  

byO）withacostratehk（i）；  

・replacethesystembyanewone（de－  
notedbyR）withacostrateck（i），and  

thetimeofthereplacementisassumed  

tobearandomvariablewithdistribu－  

tionfunctionF（t），andthestateafter  

replacementwillbeO．  

（4）When theenvironment state changesfrom  
k tok／，ifactionOisbeingchosenthen  

the system state will change immediately 

accordingtoaprobability鳴andaninstan－  

taneouscostRk（i，0）occurs；Whileifaction  

Rischosenthenthereplacementisimmedi－  

atelycompletedandaninstantaneouscos七  
月た（盲，月）occurs．  
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Similarly，1etV＊（x），V＊（x，a）fortheinfinitehori－  

ZOnS，andγ（∬）＝Ⅴ＊（∬，0）－Ⅴ＊（∬，月）・   

Thenwecanobtainthefo1lowlngtheorem・  
Theorem3．1UnderAssu皿ptionA，bothl宕（k，S，i）  

andvn（k，S，i）arenondecTeaSinginiLbreachn≧  

0，た∈∬，β≧0，50  

（5）The objectiveis to minimize the expected  

discounted totalcosts with discount factor  

α＞0．  

Suchasystemismodelledbyasemi－Markov  

decisionprocesses（SMDP）inasemi－Markoven－  
vironment．   

3 0ptimalControILimitPolicy   

Weintroducethefo1lowlngaSSumption・  
AssumptionFbreachk∈K，  

A・1）q＆isnondecreasingini，∀m≧0；  

A．2）hk（i），Ck（i），Rk（i，0）andRk（i，R）areallnon－  
negativeandnondecreaslngln富；  

A．3）bothhk（i）－Ck（i）andRk（i，0）－Rk（i，R）  
arenondecreaslngln亀；  

A．4）ダ（f）≧瑠（f）≧牢（t）≧瑠（f）≧璽（f）≧  
，∀t≧0，i．e．，守（・）isstochastically  
nondecreasinginiandF（・）isthesmallest．  

A・5）J㌻e‾αt∑V（l，j）p8瑠（dt）isnondecreas－  
J   

inginifor eachfunction VifV（i，j）is  

nonnegativeandnondecreaslnglniforeach  

f≧0．   

Asusual，q8isnondecreasinginimeans  

thatthebiggerthedeterioratedegreeofthesys－  

tem，the fhster ofdeteriorationresultedby the  

environentStateChange・hk（i）－Ck（i）isnon－  

decreaslnglniindicatesthattheoperationcost  

increasesfasterthanreplacementcostasthein－  

CreaSlngOfdeterioratedegreeofthesystem，and  

similarforRk（i，0）－Rk（i，R）．   
Letェ＝（た，β，り∈n＝（（た，β，り：た≧0，β≧  

0，i∈S）bethemathematicalstatewhichmean5  

that the environmentisin state k since time s  

agoandthesystem’sstatejusttransfereestoi．   

Fbrn≧0，1etl莞（∬）betheoptimalvalue  

fromstatexinnstages，Whilel莞（x，a）bethe  

Valuefrom＄tateXinnstagesifactionaistaken  

inthefirststageandthentheoptimalpolicyin  

theremalnlngStageS．Denoteby  

γれ（ェ）＝l霊（ご，0）－1ぢ（〇，R）  

〈 

儒（た，β，盲，0），0≦宜＜壱£（た，β）  
愕（た，β，豆，月），五≧緩（た，β）  

l㌃（た，β，豆）＝  

wムere  

壱ニ（た，β）：＝min（申m（た，β，豆）≧0）  

5im〃arわちbo沌Ⅴ＊（た，β，壱）a11du（た，β，豆）areaJ50  

月0∫1decrea51月g1月亀，aⅢd  

Ⅴ＊（た，β，盲，0），0≦盲＜盲＊（た，β）  

Ⅴ＊（た，β，豆，R），豆≧豆＊（た，β）  
Ⅴ＊（た，β，豆）＝   

wムere  

宜＊（た，β）‥＝min（申（た，β，五）≧0）   

4 Markov Environment   

Inthissection，WeCOnSiderthattheenviron－  

mentisMarkov：fork，kl∈K，  

Gたた′（f）＝¢抽′GたM，Gた（f）＝1－e‾入たf，f≧0  

Inthiscase，itwillbeshownthatthevariable”s”  

instatex＝（k，S，i）canbedelimited・  

Theorem4．1UndeTAssumptionA・1），A・礼A・g），  

A・4ノa皿dA・り，ゐrた∈∬and†l≧1，Um（た，五）‥＝  

愕（た，五，0）－1て（た，盲，月）血刀0月dec代お山g血豆，50  

りn（た，壷）＜Oi飢＜五；（た）：＝min（盲：γm（た，五）≧0）；  

皿OreOVer，γ（た，豆）：＝Ⅴ＊（た，豆，0）－Ⅴ＊（た，五，月）血  

aJざ0月0エIdecrea5血g血豆，a月dγ（た，盲）＜0鱈五＜  

i’（k）：＝min（i：V（k，i）≧0）・Tuus，thereexist  

qptj皿ajco11trOJJim元pojjcje5．  
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