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- Computing test sets for integer programming problems
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1 Introduction

Grobner bases, introduced by Buchberger in
'65 [2], are bases of ideals on the polynomial
ring and they have played important roles in
commutative algebra and algebraic geometry. In
'91, Conti and Traverso proposed an algorithm
(the C-T algorithm) for integer programmings
(IP) using Grobner bases. Grobner bases and
the C-T algorithm are said to be very powerful
tools to analyse IP from the view point of com-
mutative algebra [5]. On the other hand, test
sets for IP are introduced by Graver in 1975. In
1995, Thomas probed that Grobner bases used
in C-T algorithm satisfies the conditions of test
sets. However, Grobner bases in C-T algorithm
contains a lot of unnecessary elements in gen-
eral. In 1997, Thomas and Weismantel defined
truncated Grobner bases, in which unnecessary
elements are exclude. They also proposed an al-

"gorithm to compute them, but it is based on the
Buchberger algorithm which is known as the ex-
tremely time-consuming procedure. In this pa-
per, we propose an another algorithm to com-
pute test sets, based on the basis conversion

techniques.

2 'Test sets for IP

Basic definitions of Grobner bases are in [1].
We study IP of the form IP4 .(b) = min{c -z :
Ar = b,z € N}, where A = [a;;] € Ndxn,
be M4 and c € R*. We assume { >0 : Az =
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0} = {0} holds.

Definition. The set T C Z™\{0} is called a test
set for IP 4 .(b) if it satisfies:

(i) If a is feasible and non-optimal then there
exists u € T such that a — u is feasible and
c-a>c-(a—u),

(i) If B is an optimal solution then 3 — u is
infeasible for all v € T.

Now we explain the C-T algorithm for
IP 4, (b). Consider the polynomial ring k[t, y] :=
klt1, .. ta v, - -
satisfying that all terms with ¢; are larger than

s Yn]- >(t>y) is a term order

that contain only y;. Furthermore, >, is a term
order satisfying c-a > ¢- 3 = y* >, y’. In the
C-T algorithm, we have to compute a Grobner
basis G of an ideal (F) C k[t,y] w.r.t. a term
order with properties of >(;5yy and .. An opti-
mal solution can be obtained from the remainder
of 8 .. .t%¢ divided by G.

It is easy to see that the Grobner basis G sat-
isfies the conditions of test sets. The crucial fact -
is that G is a subset of {z% — 2¥ : Au = Av}.
Thomas and Weismantel proved that the set
G = {z* -2 € G b—u € Cn(A)}
also satisfies the condition of test sets, where
Cn(A) := {Au : u € N"}. This bG is called a
b-Grobner basis for IP 4 .(b) [6). Our objective

is to construct an algorithm to compute bG.

3 Our Algorithm

It consists of PHASE | and PHASE 2.

In general, the number of variables is de-



sired to be small for Grobner bases computa-
tions. Hence the goal of PHASE 1 is to elimi-
nate the variables t;,...,t4 from (F), that are
unnecessary in bG. It can be done by using an
elimination property of Grobner bases of (F)
w.r.t. >@>y). We focus our attention to the
fact that F is already a Grobner basis w.r.t.
an undesired order »». The change of order-
ing of Grobner bases from > to »>(;5y) can be
done by the Gréobner Walk [3], but it is not fast
enough according to our computational result.
Qur procedure, called as the b-FGLM, computes
F € k[t,y], which is a subset of a Grobner ba-
sis of (F) w.r.t. >(i5y)- F keeps an elimina-
tion property of Grobner bases, and has an ad-
ditional property that B := F N k[y] is a basis
of the linear space on k spanned by dG. The
procedure is based on the FGLM algorithm [4],
which is a Grobner bases conversion algorithm
for 0-dimensional ideals, and said to be very fast
when handling binomial ideals. In our case, (F)
is a binomial ideal, but unfortunately, not 0-
dimensional. The difficulty is that FGLM does
not terminate when ideals are not 0-dimensional.
We overcome this difficulty by making use of the
multivariate grading on k[t, y] defined in [5], and
ensure its termination by the finiteness of feasi-
ble solutions of IP 4 .(b).

In PHASE 2, B is converted into G by our
procedure called b-Grobner Walk. The main
We define

the b-Gréobner cone for each term order in the

strategy is similar to the original.

same way to the definition of the Grobner cone.
Moreover, the depafture wp is set to (1,0,...,0).
By tracing the line segment from wq to ¢, we
can find a boundary w; of the current -Grobner
cone. Then we transform B into a basis w.r.t.
the term order of the next Grobner cone by the
local conversion procedure, and trace again from
w; to ¢. Repeat this operation until the line
segment w; to c is in the same b-Grobner cone.
In the local conversion, we have to apply the

b-Buchberger algorithm introduced in [5]. It is

based on the Buchberger algorithm [1] by adding
the exclusion test not to generate unnecessary
elements for IP 4 .(b). Generally, the exclusion
test is not practical because the exclusion test
requires to solve IPs of the form IP 4 4(3). But
in our algorithm, this test can be done quite eas-

ily by dividing tf‘ .. .tg" by F.

4 Conclusion

We combined the theory of b-Grobner bases
with the bases conversion technique. Our algo-
rithm will help us to analyze larger size of IPs

and related problems algebraically.
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