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Intheareaofdiscreteoptimization，nOn－  

1inearoptimizationproblemshavebeeninves－  

tigatedas wellaslinearoptimizationprob－  

1ems．Submodular（set）functionsandsepa－  

rableconvexfunctionsarewell－knownexam－  

plesoftractablenonlinearfunctions，inthat  

thesubmodularfunctionminimizationprob－  

1emcan be soIvedin polynomialtime，and  

Separableconvexfunctionshavebeentreated  

SuCCeSSfullyinInany di仔erent discreteopti－  

mizationproblems．   

Recently，Certainclassesof“discretecon－  

VeXfunctions”一WerePrOpOSed：integrallycon－  

VeXfunctionsofFavatiandTarde11a（1990）  

and（L，M，L2，M2）－COnVeXfunctionsofMurota  

（1996，1998）・L－COnVeXfunctionscontainthe  

classofsubmodular setfunctions．M－COnVeX  

functionspossessstructuresofmatroidsand  

polymatroids．Separablediscreteconvexfunc－  

t．ions can be characterized asfunct．ions with  

bothL－COnVeXityandM－COnVeXity（intheir  

Variants）・L2－COnVeXfunctionsandM2－COnVeX  

functionsconstitutelargerclassesofdiscrete  

convexfunctionsthatarerelevanttothepoly－  

matroidintersectionproblem，Where an L2－  

COnVeXfunctionis，bydefinition，theinfimal  

convolution of two L－COnVeXfunctions and  

anM2－COnVeXfunctionisthesumoftwoM－  
convexfunctions．The M2－COnVeXfunction  

minimizationproblemisequlValenttotheM－  

convexsubmodularflowproblemwhichisan  

extension ofthe submodularflow problem．  

Theclassofintegrallyconvexfunctionscon－  

tainsalloftheaboveclasses．  

Those classes C ofdiscrete convexfunc－  

tionsfpossessthefo1lowingfeaturesincom－  

mOn：   

Discreteness：fis definedon anintegral  

1atticeZn，i・e・，f：Zn→Ru（＋∞），Where  

ZandRdenotethesetsofintegersandreals，  

respectively．  

ConvexExtendibility：Thereexistsacon－  

tinuousconvexfunctionア＄uChthatア（x）＝  

J（ご）brallJ∈Z几．  

OptimalityCriterion：Thereexistsaneigh－  

borhood Nc（x■）⊂Zn withcenterx＋such  

thatf（x’）≦f（x）（∀x∈Zn）ifandonlyif  

J（巧≦J（ご）（∀∬∈脆（ごり）．   

Optimalitycriterionsaysthatglobalmin－  

imalityisimpliedbylocalminimalitydefined  

intermsoftheneighborhoodNc（x＊）．This  

isaslgnificantfeatureinheritedfromcontin－  

uous convexfunctions．   

Moreover，L－／M－COnVeXfunctionshavea  

“proximityproperty”describedas  

ProximityProperty：Givenapositivein－  

tegerαandapointxα∈Zn，thereexists  

functiondc（n，α）suchthat  

J（が）≦J（ご）（∀ヱ∈〃∂（が））⇒  

］ヱ＊∈argminJ‥＝が一呵l∞≦dc（陀，α），  

where  

耶（∬α）＝（ごα＋α（ご－ごα）lご∈〃c（ェα））   

andargminfdenotesthesetofal1minimiz－  

ersofJ，i．e．，   

arg血nJ＝（ご∈Zれけ（ご）≦J（y）（勒∈Zn））．  
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foranyorderedsubsetsU＝（ul，．‥，uk）and  

W＝（wl，…，Wk）ofVwithUnW＝¢where  

uk＋1＝ul，thenthereexistsx＊∈argminf  

suchthat   

‖∬＊一捌∞≦（α－1）・  

Theproximitypropertysaysthatalocally  

minimalsolutionxαofa“scaled”function   

Jα（ご）＝J（諾α＋α∬）（∬∈ZV）  

is closeto a minimizer x＊offin terms of  

dc（n，α）．FbrL－／M－COnVeXfunctions，  

dc（陀，α）＝（和一1）（α－1）  

is avalidchoice（【2】and t3】，reSpeCtively）・  

Theproximitypropertycanbeexploitedin  

developlngane伍cientscalingalgorithmfor  

minimizingf．Infact，theL－COnVeXfunction  

minimization can be soIvedin polynomial－  

timebycorhbiningsubmodularsetfunction  

minimization algorithms and the proximity 

property［1】（see【4】）・FbrtheM－COnVeXfunc－  

tionminimization，pOlynomial－timescalingal－  

gorithmsbasedontheproximitypropertyand  

itsgeneralizationareknown［6，7】・   

Thistalk addressesproximityproperties  

ofL2－／M2－COnVeXfunctions（see【5】forde－  

tails）・Ourmainresultssay：  

【L2prOXimity］foranessential1ybounded  

L2－COnVeXfunction fandapositiveinteger  

α，ifが∈domfsatisfies  

J（ごα）≦J（諾α＋αXg）   

foral1S⊆V，thenthereexist＄X’∈argminf  

sudlthat  

ltご■一巧l。。≦2（和一1）（α－1），   

【M2prOXimity］foranM2－COnVeXfunction  

f represented as t，he sumoftwo M－COnVeX  

functionsムandfi，andapositiveintegerα，  

ifxα∈domfsatisfies  

た   

∑（ム（∬α－αX叫＋α方叫）－ム（が））＋  

i＝1  
た 

∑（ム（Jα－αX叫1＋αX叫トム（£α））≧0  
i＝1  
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