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1．Introduction  

Fbrqueueingnetworksystems，WeCOnSideraproblem  
whichfindsanoptimalservicecapacityallocationto  

theserverssoastomaximizethethroughputofthe  
SyStem・   

Fbr a serialqueueing network systemin which  

servers are connectedin series，SOme Studies have  
been devoted to solving optimal mean sermice time 
allocationproblems［1，3］・Fbrgeneralqueueingnet－  

worksystems，however，SuChkindofstudieshavenot  

beenreported．   
Anaturalinterpretationofthemeanservicetime  

a1locationforserialqueueingsystemisadecomposi－  
tionofajobintoaseriesof“pipelinedprocessors・”  

Thisstudyassumesaditferentsituation；WeCOnSider  
fork－jointypequeueingnetworksystems，andformu－  

lateanoptimalsemノice capacitya1locationproblem・  

Ourproblemcanbeinterpretedasanoptimalserver  
performanceallocationfortheserverseachofwhich  
hastoprocessacertainamountofjobs・   

Wbapplytheideaof山sample－pathoptimizationn  
tothethroughputmaximizationproblem†andshow  
the（approximate）optimizationproblemcanbefor－  

mulatedasasecondorderconeprogrammingprob－  
lem（SOCP）whichcanbesoIvede鮎ctivelybythe  
interiorpointmethods・   

2．Model  

WeconsideranMseversynchronizedfork－joinopen  
queueing network system. Let us define 

S：Setofallservers（＝（1，2，・・・，M））；   

I⊂S：Setofinputserverstowhichjobsenter；   

0⊂S：Set ofoutput serversfrom whichjobs  
leavethesystem；  

昂：S？tOfthepreceding（upstream）servers  

Ofserveri；  

Qi：Set of the succeeding（downstream）  

servers ofserveri  

Si，j：Servicetimeofj－thjobatserveri；  

Di，j：Completiontimeofj－thdepartureat  

SerVeri，  

Weimposethefo1lowingassumptionontopologyof  
thenetworkunder consideration．  

（Al）Networkisconnectedwithoutanyclosedloop，  

InO＝0，input serversacceptjobsonlyfromthe  

outsideofthesystem，andthatalljobsfromoutput  

serversleavethesystem．   
Hereareourbasicassumptions．  

（A2）   

●Therearein丘nitelymanyjobswaitinginfront  
OfeachinputserverSSOthattheinputserverS  
areneverstarved；   

●Atserveri，COmpletedjobcanleavetheserver   

ifatleastonebufferspaceisavailableateach  
downstreamserverq∈Qi，i∈S＼0；   

●Theserviceatservericanbestartedonlyif  
thereisasetofjobsfrom昂initsbu鮎rand  
theserverisempty，i∈S＼I；   

●Aftercompletionofaserviceatserveri，the  

nextserviceattheservercanbestartedafter  

alldeparturestothedownstreamserversinQi  

arecompleted，i∈S＼0；   

●Ateachoutputserveri∈0，thedepartures  

ofcompletedjobsareneverblocked・   

3．Fbrmulation  

Wb suppose that，at SerVeri，the service times  

Si，j，j＝1，2…arei・i・d・Withmeanl／pi，andthat  

wecancontroIvaluesofthesemeans．Letmi（p）  

be the throughputfrom serveri・Given totalseト  

vicecapacityC，OurprOblemthenistofindanop－  

timalallocationp＝（FLl・‥PM）Twhichmaximizes  
thethroughputr打rbrarbitrarilychosenr∈S：  

max r打「（〃）   
〃  
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ハ〔‾’）  Subj・tO  

However，SinceitisdifRculttoobtainexactvaluesof  

77I，（FL），adoptingideaoftheso－Called“sample－path  

optimization［2］”，We apprOXimatethem by asimu－  

1ationrununderfiⅩedsample（randomnumbers）as  

－74－   
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bllows・LetLL，beasample（aseriesofrandomnum－  

bers）inasamplespace，andamethgforgenerat－  

ingasample－Path（realizedvalues）Si，j（1／pi）with  

anyfiⅩedmeanvaluel／IliOfSi，jfromくJbegiven・  

Then，WiththesampleLJbeingfixed，departuretimes  
万i，J（IL）underservicecapacityallocationFLCanbe  

calculated by 

万五，ル）＝maX〈欝万p，J（両＋否豆，J仙），   
万電，j－1（両＋否五，j仙），琵琶万q〃㍉（〝）〉（1）  

We thus can approximate THi（p）by the value  
7甘，，N（p）＝N／Dr，N（p）forlargeN，andobtainthe  

bllowingapproximateoptimizationproblem．  

Ofmanylinearinequalities．Secondconstraintcanbe  

convertedinto asetofsecondorder coneconstraints  
as払1lows・Introducing new variables rliand ei＝  

（∈豆0∈豆1∈i2）T，Wehave  

∂∈㊤（C）  

∑竺1り慮≦C，  
生±旦 

∈豆∈呵3），と豆0＝，∈慮1＝              2  

∈慮2＝1，β豆≧0，仇≧0∀豆∈g  

り恵一β吏   

2 ，  
⇔  

WhereK（3）isthe3－dimensionalsecondordercone．  

Wb thus have shown that the problem j㍉（C）is  
equivalent to the bllowing second order cone pro－  

grammingproblem（SOCP）・  

mln  （7  
β，J，モ  
Subj．to  

dr（考β）－J≦0∀P∈アr，Ⅳ   

∑竺1勒≦C  

βj≧0，勒≧0∀豆∈g   

生±旦 
玩＝ ∀豆∈g   

古壷1＝ ∀哀∈β  

∈豆2＝1∀哀∈g  

古壷∈∬（3）∀乞∈g  
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Jl＼・圧■l  Subj．to  

βOCf〉Ⅳ（C）  

whereO＝（01…OM）T＝（1／FLl・・・1／pN）T．wbas－  
sume that  

（A3）否i，j（Ot）＝畏，j（1／FLi）islinearinOi．   
Under this assumption the objective function of 

Pk（C）is aconcavefunction，and hence，the opti－  

malsolutionof鞠（C）convergesto atrueoptimal  
SOlutionofP（C）［2］．   

4．Conversion to SOCP  
LetusdefineanetworkN（0）consistingof（MN＋1）  
nodes（（0））∪（（i，j）lj＝1，2，…，N，i∈旦suchthat  
node（i，j）correspondstodeparturetimeDi，j（0）and  

theweightsofarcsaregivenasfo1lows：  

FbrafiⅩedpathP∈笹，N，d，（PW）isalinearfunc－  

tioninO，andhence，SOCfhr（C）isanSOCPwith  

ahugenumberoflinearconstraints．Sinceitishard  
todealwithalloftheseconstraintssimultaneous1y，  

Wetakeanapproachof“relaxationmethod”，andthe  

Sub－PrOblems（relaxedproblems）canbesoIvedbyin－  

teriorpointmethods［4］e鮎ctively．  

5．Conclusion  
Concreteexampleswith Coxianservicetimedistri－  

butions and numericalresults willbe shown at the  
presentation．  
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（宜，ノー1）→（宜，J），豆∈g  gi，j（βi）  

（9，ゴーβq）→（豆，J），q∈Qt，五∈g O  
yflere（0）isadummynode・Then，itisclearthat  

Di，N（0）coincideswiththelengthofthelongestpath  

fromnode（0）tonode（i，N）．Thus，defining   

Pi，N＝Setofpathsfrom（0）to（i，N）inN（0）   

di（FO）＝LengthofP∈7）i，N  

WeCanreWriteproblem鞠（C）as：  

〈 

mln O’  
∂，J  

Subj・tOd，（P，0）－J≦0∀P∈アr，N  

β∈㊤（C）  

where㊤（C）＝（Ol∑竺11／Oi≦C，0＞0）．Itshould  
be noted that thefirst constraint condition consists  
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