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1 Introduction 

Inthispaper，WeCOnSidermulti－Objectauctions  

in which each bidder has a positive reserva－  

tion valuefor only one specialsubset ofob－  

jects，Called a necessary bundle・We show  

that this auctionleads to an e伍cient alloca－  

tionthroughNashequilibriaundercompletein－  

formationwhenthebid－gridsizeissu伍ciently  
small．We apply ourresults to spectrumauc－  

tions satisfying the conditions that necessary  

bundles areintervals ofdiscretized spectrum．  

Weshowthat therevenuemaximizationprob－  

1emforthesellercanbesoIvedinpolynomial  

timefortheaboveauctions．Thealgorithmalso  

indicatesamethodtochooseanacceptedbid－  

derrandomlywhenthe revenue maximization  

problemhasmultipleoptimalsolutions・Lastly，  

weintroduce alinearinequality system which  

characterizesthesetofNashequilibria・   

2 The Model  

LetN＝（1，2，・・・，n）bethesetofbidders，and  

M＝（1，2，…，m）thesetofobjects・Weas－  

Sume that each bidder has a positive reserva－  

tionvalueonlyforonespecialsubsetofobjects，  

Calledthenecessarybundle．Ifthebiddermisses  

anyobjectinthebundle，Otherobjectsinthe  

bundlearenotvaluabletothebidderata11．We  

alsoa5Sumethattheobjectsinthebundleare  

alsosufRcienttothebidder，SOthebidderhasno  

valueforanyobjectoutofthenecessarybundle・  
Wedenotethenecessarybundleofthebidderi  

by77anditsvaluefor了1byvi＞0・Thereser－  
vation valuelう（S）forany S⊆Mis defined  

by  

冊）＝ 

〈 
。，．  

Throughout this paper，We aSSume that vi∈  

（∂，2∂，3∂，…）brany哀∈凡   

Next，WeprOpOSethesealedbidsimultaneous  

auctionswithnecessarybundles．Atthebegin－  

nlngOftheauction，eaChbidderi∈Nsubmits  

abid（Bi，bi）whereBiisabundleandthenon－  

negativerealnumberbiistheamountitiswill－  

1ngtOpayforthebundleBi・Weassumethat  
eachbidamultipleofE＝享・forsomeintegerI・  
Thesetofintegermultiplesofthebidunitisde－  

notedbyZE．Inthefo1lowlng，WeWriteaprofile  

ofbids（（Bl，bl），（B2，b2），‥．，（Bn，bn））as（B，b）  
by changlng the order of components where  

β＝（β1，月2，‥・，軌）andむ〒（む1，む2，・‥，b氾）・   

The se11er soIves thefo1lowlnginteger pro－  

grammlngprOblem）CalledtheBundleAssign－  
mentProblem（BAP），Whichmaximizestherev－  

enue：   

BAP（β，b）‥   

maxlmlZe ∑転＝b・ご  
豆∈Ⅳ   

subjectto ∑xi≦1（竹∈M），  
i：βi∋j  

∬i∈（0，1）（∀豆∈Ⅳ），  

where x ＝（xl，X2，．．．，Xn）．We denote the  

set ofallthe optimalsolutions ofBAP（B，b）  

by O（B，b）・The se11er soIves the problem  

BAP（B，b）andobtainsanoptimalsolutiona：＊・  

IftheproblemBAP（B，b）hasmultipleoptimal  

SOlutions，thesellerchoosesanoptimalsolution  

が∈0（B，b）atrandom・Hence，forthegiven  

profi1e（B，b），theexpectedutilityofthebidder  

i抗（B，b）isdefinedasfollows‥  

抗（β，む）  
Ⅵ（βバーわ豆（乞∈P（β，b）），  

（訂∈n（β，b）l∬i＝1）1  
（Ⅵ（βi）－わ豆）  

1n（β，b）  
（豆∈Q（月，b）），  
（豆∈R（β，叫），  

r
 

h
。
 
 W
町
叫
吼
 
 

e   

β，む）響（宜∈Ⅳlごi＝1，∀諾∈n（β，b）），  

β，b）響（豆∈Ⅳl勘＝0，∀諾∈n（月，拙  

β，む）竺 Ⅳ＼（P（β，む）uR（β，b））．   
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Papers［1】discusssomealgorithmsforsoIving  
theproblemBAP（B，b）．  

3 PureStrategyNashEquilib－  

●    rla  

Inthissection，Wediscusstheexistenceofpure  

Strategy Nash equilibria．We say that a pro－  

file（B＊，b＊）isaNashequilibriumwhen（B＊，b＊）  

satisfies the conditions thatforeach bidderi∈  

Ⅳ，抗（β＊，わ＊）≧坑（（βゎβ二査），（らi，むニi））払ra町  

bid（Bi，bi）whereBi⊆Mandbi∈ZE・   

LetusconsiderthefollowlngSet：  

ろ（β，U）響（b∈考l♭奄＝明（∀乞∈R（β，γ）   
UQ（β，γ））減≦均一2mど（∀壱∈P（β，即）），  

n（β，b）＝n（β，U））  

Whichis asubset ofbid prlCe VeCtOrS Satisfy，  

1ng that the set ofoptimalsolutions does not  

Change．Given a subset of bid prlCe VeCtOrS  

X⊆ZF，aVeCtOrb∈Xiscalledaminimal  

vectorinXifandonlyifforanyb，∈ZF，the  

condition［bl≦bandb′≠b］impliesbl¢X．  

Theoremlq．ち（γ，V）isnon－emPty，then♪r  

αれym哀れ盲mαJuecわrb＊玄m．た（r，U），（r，む＊）戎βα  

Ⅳαβんe押立～哀みr盲祝m．   

Thefo1lowlngtheoremshowsthenon－emptiness  

Of．ち（r，可・   

Theorem2qEisast＃cientlysmallpositive  

れ祝mわer，．ち（r，り）哀βれ0†トempf訂．  

4 Spectrum Auctions 

Inthissection，WeCOnSideraspectrumauction．  

An auctioneer want，S tO Se111icensesfor radio  

SpeCtrumM＝（1，2，・・，m）・Eachspectrum  

j（≧2）is adjacent to］－lontheright．We  

COnSider the case ofthe preferencesin which  

eachbidderirequlreS any SpeCtrum］Satisfy－  
1ngei≦j≦hibutnospectrumoutsideofit．  

This settinglS applied to our model，auCtions  

Withnecessary bundles，Whereagenti’s neces－  

Sarybundleisaninterval了て＝（j∈Mlei≦  
j≦んわ．   

Bundle Assignment Problem and  

Longest Path Problem In the 

SpeCtrum auCtions，We denote BAP by  

max（b・X［Ax≦1，X∈（0，1）N）．Thentheco－  
e侃cientmatrixA∈RMxNbelongstotheclass  
of consecutive one matrices．Itis well－known  

that the consecutive one matrices are totally  

unimodular．Andso，thelinearrelaxationprob－  

1emofBAP，maX（b・3：lAx≦1，0≦x≦1），  

hasaO－1valuedoptimalextremepointsolution  

foranyvectorb．Thus，WhenwesoIvetheabove  

linear programmlng prOblem by polynomial  

time method，We Can aSSert the fo1lowlng  

proposition．   

PropositionlIn the spectrum auctions，the  

reJαfedみ肌dJeαββ如乃meγ1f pm鋸em「βAアノ由  

poJymom豆α勒βOJuαゐJe．  

Moreover，WeCanShowthattheaboveprob－  

lemisessentiallyequlValenttothelongestpath  

problem and we can soIve the problem by  

CPM（criticalpath method）for PERT（Pro－  
gramEvaluationandReviewTbchnique）．The  

Criticalpathmethod，WhichisequlValenttothe  

OrdinarydynamicprogrammlngteChnique，finds  

alongestpathfromOtominGinO（n＋m）  
time．   

RandomSelection丘omMultipleOpti－  
malSolutions WhenBAPhasmultipleop－  

timalsolutions，the se11er needs to choose an  
Optimalsolution at random・In general，itis  

hardtoenumeratealloptimalsolutions，butby  

uslngtheequlValencebetweenthelongestpath  

problemsandspectrumauctions，WeCanObtain  

thefo1lowlngprOpOSition．   

Proposition2 Ⅵ仇en BAPhas multiple opti－  
mαJβOJ現ゎれβ哀れα坤eCfr祝mα餌C紘川㌧射い叩庖md  

βOJひ如れCαmわe rα乃domJy c九00βedむ訂αpOJy乃0－  

m盲αJf豆me me班od．   
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