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We consider a network design problem  

with hub－and－SpOke structurewhich arises  

fromthe airlineindustry［2，3］・Thehub一  

and－SpOke structure models the situation  

SuChthatsomenodes，Ca11ednon－hubnodes，  

Caninteractonlyviaasetofcompletelyin－  

terconnectednodes，Cal1edhubnodes．This  

paperdealswiththecasethatthehubnodes  

and non－hub nodesarefixed．VVb consider  

the problemwhichallocateseach non－hub  

node to one ofhub nodes，andminimizes  

thetotaltranSpOrtation cost．Ⅴ在ca11this  

problemasingleallocationproblemorHLP．   

Weproposearelaxationtechniqueforthe  

problem，Whichlinearizes the non－COnVeX  

quadraticobjectivefunctionoftheorlginal  

quadraticintegerprogrammlngprOblem．   

LetH，Nbethesetofhubnodesandnon－  

hubnodes，reSpeCtively・WedefinelHL＝h  

an（＝叫＝れ・LetA⊆（（p，q）∈Ⅳ×Ⅳl  

P≠q）beagivensetofnon－hubpairs．   

Foranypairofnon－hubnodes（p，q）∈A，  

theflowfromptoqisdenotedbywpq・For  
anypairofnodes（i，j）∈（HxH）∪（Hx  

N）∪（NxH），theumittransportationcost  

fromitojisdenotedbycij≧0・   

We can formulate the problem HLP as 

bllows；  

min・∑如）。A礼7粥（∑i甜ちi∬pi  

＋∑卜JJ∑、′用・・り・∫－′りt′、．〃＋∑、′モJJ′・Jリ・∫、リノ）  

S・t・∑i∈打∬函＝1（∀p∈Ⅳ），  

∬函∈（0，1）（∀（p，豆）∈Ⅳ×ガ）・  

2．Linearization   

For any pair（p，q）∈ A，We de－  

note the corresponding quadratic term  

ふ（x）竺∑iEHEjEHCijXpiXqjWherex＝  
（xpl，・・・，Xph；Xql，・・・，X。h）T．wedenotethe  

setsofindicesofx by flQ，i．e．，P響  

（pl，．．．，Ph）andQ竺（ql，…，qh）．We  
definethesetsOpqand乃卯by  

n卯 竺（昔∈（0，1）Px（0，1）Ql  

∑豆∈打∬函＝1，∑豆。〃エ壷＝1），  

鴫。響（仏庸），諾）I諾∈n粥），  

respectively．Throughoutthispaper，COnVS  

denotestheconvexhullofS．   

Our approachis toreplacethefunction  

ふ（x）bythelowerhulloftheset71pq・Wb  

definethefunctiont。：COnVOpq→Rby  
L。（x）＝min（zl（z，X）∈conv7tpq）・  
Inthefollowing，WeShowthattheabove  

function has a relat，ion to Hitchcocktrans－  

portationproblems．LetBp。竺（君Q；E）  
bethecompletebipartitegraphwithvertex  

SetSP，QandedgesetE＝PxQ．Fbreach  

edge（i，j）∈PxQ，WeaSSOCiatethecostcij・  

Givenanonnegativevectorx∈RPxRQ  
WedefinethefbllowinglinearprOgramming  

PrOblem；  

HTP（諾）：  

Il11Il．   

S．t．  

∑pi∈P∑qj∈QCiJ入まj  

∑。J∈Q入慮j＝∬p豆（咋豆∈P），  

∑pj∈P入官j＝∬。j（∀如∈Q），  

入まj≧0（∀（p豆，qJ）∈PxQ）．   
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The above problemis ca11ed mtchcock  

加m叩Orね知れpmわgem．   

Now，Wedescribeourmainresult．  

Theorem Fbr any vector x ∈ convOpq，  

fpq（x）isequivalenttotheoptimalvalueof  
thelinearprogrammingproblemHTP（x）．   

The above theorem shows that HLP can  

betransbrmedtothefo1lowlngintegerpro－  

grammlngprOblem；   

Pl：  

min・∑b，9）。Aひ粥（∑i∈〟旬∬pi  

＋∑i。〃∑j∈〃qJ入p痛＋∑j捕りq∬9j）  
S・t・∑豆∈〟∬函＝1（∀p∈Ⅳ），  

∬pi∈（0，1）（∀（p，哀）∈Ⅳ×ガ），  

∑j甜入p痛＝∬函（∀（p，ヴ，豆）∈Axガ），  

∑i∈〃入p痛＝∬9j（∀（p，q，豆）∈Axガ），  

入両j∈（0，1）（∀（p，q，乞，J）∈Ax〃2）・   

3．DualTransportationPolyhedra   

The above theorem shows that we can  

transfbrmHLPtoanoptimizationproblem  

definedasbllows；  

P2：   

11111l．  ∑（掴）∈A乱′p。（∑i甜Cpi∬pi＋ち。  
＋∑J甜り。∬。J）  
∑i甜∬pi＝1（∀p∈Ⅳ），  

∬p豆∈（0，1）（∀（p，豆）∈Ⅳ×ガ），  

zp。≧y（r）T諾（∀（p，q）∈A，∀T∈ち。）．   

S．t．  

Thenumberofinequalitiesappearlngln  

the defimition ofthefunction Lq（x）＝  
血n（zIz；≧ 封（r）T諾（∀r∈ ち））is  

boundedby2（h－1）Ch－1【1】・  

4   

Wt applied our approach to the bench－  

marktestproblemsprovidedbyO’Kellyin  
【2】・Computerexperienceswereperformed  

fortheproblems with3hubnodeschosen  

fromsetofnodes．Fbreveryproblem，Our  

linearrelaxationproblemfound aninteger  

Optimalsolution．Thisresultindicatesthat  

Ourrelaxationisverytight．  

Here，We discuss the explicit represen－  

tationofthefunction左q（x）asapiece－  
Wiselinearconvexfunction．Avectory∈  

RPxRQisca11edjbasiblewhenypi＋yqj≦cij  

fbral1（pi，qj）∈PxQ．Itis clearthat  

branyfeasiblevectory∈RPxRQ，the  

linearfunctiong（x）＝yTxsatisfiesthat  

g（x）≦hq（x）for allx∈Opq・Givena  

SpannlngtreeTofB，Wedenotethevector  

y∈RPxRQsatisfyingtheconditionsthat  
ypl＝0andypi＋yqj＝Cij fbreachedge  
（pi，qj）inthespanningtreeTbyy（T）・It  

iswell－knownthatforanyspannlngtreeT  

OfPpq，thevectory（T）isuniquelydefined．  

AspanmingtreeTofPpqiscalledjbasible  

Whenお（T）isafbasiblevector．Wedenote  

thesetofal1thefeasiblespanmingtreesby  

7h・Thenwehavethefollowingtheorem．  

Theorem Fbrany VeCtOr X∈convOpq？  

左。（£）＝min（zIz≧y（r）丁∬（∀r∈ち））・  
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