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1. Introduction

We consider a network design problem
with hub-and-spoke structure which arises
from the airline industry[2, 3]. The hub-
and-spoke structure models the situation
such that some nodes, called non-hub nodes,
can interact only via a set of completely in-
terconnected nodes, called hub nodes. This
paper deals with the case that the hub nodes
and non-hub nodes are fixed. We consider
the problem which allocates each non-hub
node to one of hub nodes, and minimizes
the total transportation cost. We call this
problem a single allocation problem or HLP.

We propose a relaxation technique for the
problem, which linearizes the non-convex
quadratic objective function of the original
quadratic integer programming problem.

Let H, N be the set of hub nodes and non-
hub nodes, respectively. We define |H| = h
and |[N| =n. Let A C {(p,¢g) € N x N |
p # q} be a given set of non-hub pairs.

For any pair of non-hub nodes (p, q) € A,
the flow from p to ¢ is denoted by wp,. For
any pair of nodes (4,5) € (H x H) U (H x
N)U (N x H), the unit transportation cost
from ¢ to j is denoted by ¢;; > 0.

We can formulate the problem HLP as
follows;

min. 3, e Wpo(XicH CpiTpi

+XieH ZjeH CijTpiTqj + X jeH CjqTqj)

s. t. E‘iEH zpi =1 (Vp c N),
2 € {0,1} (V(p,q) € N x H).

2. Linearization

For any pair (p,q) € A, we de-
note the corresponding quadratic term
Fra(@) = Ticn Y. jeH CijTpiTq; Where T =
(Zp1s- - Tph; Tq1,---,Tqn) - We denote the
sets of indices of & by P,Q, ie., P &

{pl,...,ph} and Q def. {q1,...,qh}. We
define the sets (1, and H,, by

Dy L {x € {0,1}F x {0,1}9|
YienTpi =1, YieyTq =1},
Hpq e {(fog(z), )| € e}y

respectively. Throughout this paper, convS
denotes the convex hull of S.

Our approach is to replace the function
frq() by the lower hull of the set H,,. We
define the function ipq : conv§ly,, — R by
ipq(a:) = min{z|(z, ) € convH,,}.

In the following, we show that the above
function has a relation to Hitchcock trans-
portation problems. Let By, def. (P,Q;E)
be the complete bipartite graph with vertex
sets P, and edge set E = P x (). For each
edge (i,7) € Px@Q, we associate the cost c;;.
Given a nonnegative vector & € R x R%
we define the following linear programming

problem,;
HTP(x) :
min. 2opieP 2-qjeQ CijAij
s. t. queQ /\ij = Tpi (Vp’t € P)v

Ypjep Nij = Tq; (Vi € Q),
Ai; 20 (V(pi,qj) € P x Q).



The above problem is called Hitchcock The above theorem shows that we can

transportation problem. transform HLP to an optimization problem

Now, we describe our main result. defined as follows;

Theorem For any vector £ € conv{l,, P2 -

f,,(%) is equivalent to the optimal value of min. g Woo(Siek Coilpi + Zog

+ EjeH ququ)

YienTpi=1 (Vp€N),

T € {0,1} (VY(p,i) € N x H),

2 > y(T)'x (V(p,q) € A, VT € T,y).

the linear programming problem HTP(x).

The above theorem shows that HLP can s. t.
be transformed to the following integer pro-
gramming problem;

P1:
min. 3, ea Wpo(Tien Coipi
+ Y ieH 2jeH CijApigi + 2 jeH CiqTqj)
s. t. YiewTm=1 (Vp€N),
Ty € {0,1} (¥(p,i) € N x H),
Y jen Mvigi = Tpi (V(p,q,%) € Ax H),
YieH Apigi = ZTqj (V(p,q,%) € AX H),
Avigi € {0,1} (V(p.q,4,5) € A x H?).

The number of inequalities appearing in
the definition of the function ipq(m) =
min{z | z > y(T)'x (VT € T,)} is
bounded by 5(5—1)Cr-1[1].

4. Discussions

We applied our approach to the bench-
mark test problems provided by O’Kelly in

3. Dual Transportation Polyhedra

Here, we discuss the explicit represen-
tation of the function ipq(w) as a piece-
wise linear convex function. A vector y €
RF xR is called feasible when yp; +yq; < ¢
for all (pi,qj) € P x Q. It is clear that
for any feasible vector y € RF x R?, the
linear function g(x) = y'x satisfies that
g(x) < fpg(x) for all x € Q. Given a

spanning tree T of B, we denote the vector

y € RP x RO satisfying the conditions that
ypr = 0 and yp; + y4; = c¢;; for each edge
(pi,qj) in the spanning tree T by y(T). It
is well-known that for any spanning tree T
of Byg, the vector y(T') is uniquely defined.
A spanning tree T' of B,, is called feasible
when y(7) is a feasible vector. We denote
the set of all the feasible spanning trees by
Tpq- Then we have the following theorem.

Theorem For any vector & € conv{ly,
f,(@) =min{z | z > y(T) Tz (VT € T,)}.

P9

[2]. Computer experiences were performed
for the problems with 3 hub nodes chosen
from set of nodes. For every problem, our
linear relaxation problem found an integer
optimal solution. This result indicates that
our relaxation is very tight.
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