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1 Introduction

Let G = (V, E) stand for an undirected graph. For a non-
negative integer k, a graph G is called k-vertez-connected
(k-connected, for short) if [V| > k£ + 1 and the deletion of
any k—1 or fewer vertices leaves a connected graph. Given
an undirected graph G = (V, E) and a positive integer k,
we consider the problem of augmenting a given graph G, by
the smallest number of new edges to obtain a k-connected
graph. We call this problem the k-vertez-connectivity aug-
mentation problem (k-VCAP, for short). The problem of
augmenting a graph by adding the smallest number of new
edges to meet vertex-connectivity requirements has been
extensively studied as an important subject in the network
design problem, the data security problem, the graph draw-
ing problem and others, and many efficient algorithms have
been developed so far.

Currently it is known that k-VCAP for k € {2, 3,4} can
be solved in polynomial time ([2, 5] for k& = 2, [4, 8] for
k = 3, and [3] for k = 4), where an initial graph may
not be (k — 1)-connected. For an arbitrary integer k& > 0,
whether k-VCAP is polynomially solvable or not is still
an open question (even if an initial graph is restricted to
be (k — 1)-connected). When an initial graph is (k — 1)-
connected, Jordan presented an O(n®) time approximation
algorithm for k-VCAP with a general & [6, 7] such that the
difference between the number of new edges added by the
algorithm and the optimal value is at most (k — 2)/2.

It, however, is an open question whether there exists
a good approximation algorithm for k-VCAP if an initial
graph is not (k—1)-connected. For arbitrary integers k£ and
6§ > 2, we consider whether a polynomial time algorithm
can make a (k—6)-connected graph k-connected by adding
a set E’ of new edges such that the difference between |E'|
and the optimal value opt is small, say |E'| — opt = O(6k).

In this paper, for arbitrary £ > 4 and ¢ = k — 6, we
consider the problem of augmenting an ¢-connected graph
G by adding the smallest number of new edges in order
to make G k-connected. We first present a lower bound
on the number of edges that is necessary to make a given
graph G k-connected, and then show that the lower bound
plus 8(k — 1)+ max{0, (6 - 1)(£—3) — 1} edges suffices. The
task of constructing such set of new edges can be done in
O(6(k*n? + k*n3/?)) time.

* Toshimasa ISHII
Hiroshi NAGAMOCHI

2 Preliminaries

In G = (V, F), its edge set £ may be denoted by E(G).
For a subset V! C V in G, G — V' denotes the subgraph
induced by V — V', For an edge set F with FNE =0, we
denote G = (V,EUF) by G+ F. An edge with end vertices
u and v is denoted by (u,v). A partition X;,---, X, of
vertex set V means a family of nonempty disjoint subsets
of V whose union is V, and a subpartition of V means
a partition of a subset of V. For two disjoint subsets of
vertices X, Y C V, we denote by Eg(X,Y) the set of
edges, one of whose end vertices is in X and the other is in
Y, and also denote c(X,Y) = |Eg(X,Y)|. For a subset
XofV,{veV —X]|(u,v) € E for some u € X} is called
the neighbor set of X, denoted by I'¢(X). Let p(G) denote
the number of components in G. A disconnecting set of
G is defined as a set S of V such that p(G — S) > p(G)
holds and no S’ C S has this property. If G is connected
and does not contain K,, then a disconnecting set of the
minimum size is called a minimum disconnecting set, and
its size, denoted by «(G), is called the vertez-connectivity
of G. On the other hand, we define kK(G) = 0 if G is not
connected, and k(G) = n—~1if G is connected and contains
the complete graph K,,. For a vertex set S in G, we call
the components in G — S the S-components, and denote
the family of all S-components by C(G — S). Aset T CV
is called tight if T'(T") is a minimum disconnecting set in
G. A tight set D is called minimal if no proper subset D’
of D is tight. We denote the maximum number of pairwise
disjoint minimal tight sets by t(G).

2.1 Edge-Splitting

Given a graph H = (V U {s}, E), a designated vertex
s ¢ V and vertices u,v € I'g(s) (possibly v = v), we
construct graph H' = (VU {s}, E’) from H by deleting one
edge from Eg(s,u) and Eg(s,v), respectively, and adding
new one edges to Ey(u,v). We say that H' is obtained
from H by splitting (s,u) and (s,v).

A graph H with a designated vertex s € V(H), where
H — s is denoted by G, is called s-basally k-connected if
ITa(X)} + cu(s,X) > k holds for all sets X C V with
V - X —Tg(X) # 0. We say that given an s-basally k-
connected graph H = (V U {s}, E), a pair {(s,u), (s,v)}
of two edges in Eg(s) is called k-feasible, if the graph H’
resulting from splitting edges (s,u) and (s,v) is also s-
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basally k-connected. The conditions which admit k-feasible
splittings at s in (k — 1)-connected graph are given in [1].
We show the following theorem.

Theorem 2.1 Let H = (V U {5}, E) be an s-basally k-
connected graph with a designated vertex s such that G =
H — s satisfies k(G) = k; — 1 with k > ky > 2. Let H =
(VU {s}, E") be an s-basally k; -connected graph with E' C
E such that E' is minimal subject to this property. Then
if t(G) > max{k, + 2,2k, — 2}, then a pair {(s,u), (s,w)}
which is k, -feasible in H' is k-feasible in H. a

3 An Algorithm for k-VCAP

We here outline a polynomial time algorithm for k-
VCAP for an £-connected input graph with k — ¢ > 2 and
k > 4, denoted by V-AUGMENT.

We first consider the lower bounds on the optimal value
opti(G) of the k-VCAP in G. Let Bx(G) = max{p(G —
S8)| § Cc V with |S| = £ —1}. To make a graph G k-
connected, it is necessary to add at least k — |I'¢(X)| edges
to Eqg(X,V ~ X — T'g(X)) for each set X with V — X —
I'c(X) # 0 and to add at least p(G—S)—1 edges to connect
components of G — S for each set S with |S]=k—-11in G.
Lower Bound: v(G) = max{[ax(G)/2],B:(G) — 1},
where o, (G) = max{}_"_,(k — |T'c(X;)|)} and the max is
taken over all subpartitions {X;, -, X,} of V such that
V-Xi-Ta(X:)#0,i=1,---,p. O

Now the following lemma for augmenting the vertex-

connectivity is given in [6].

Lemma 3.1 [6] Let G = (V,E) be a graph and T* be a
set of vertices v € V such that every minimal tight set D
satisfies DNT* # 0 and no T’ C T* satisfies this property.
Then G can be made (k(G) + 1)-connected by adding at
most |T*| — 1 new edges. |

Algorithm V-AUGMENT

Input: An undirected graph G = (V| E) and integers k >
4 and ¢ > 0 such that [V| > k + 1, x(G) = ¢ and
k—0>2

Output: A set E’ of new edges with |E’| < opt(G)+6(k—
1) + max{0, (6 — 1)(£ — 3) — 1} such that G* = G + E'
is k-connected, where § = k — £.

Step I. (Adding vertex s and associated edges):
Add a new vertex s together with a set F™* of edges
between s and V such that the resulting graph H* =
(Vu{s},EUF"*) is s-basally k-connected and F* is
minimal subject to this property.

If [Ty« (s)| < k, then halt after finding a set E' of at
most §(k—1) new edges such that G+ E’ is k-connected
by applying Lemma 3.1 6 times.

If ITy-(s)] > k+ 1, then |F*| = ax(G) holds and we
go to Step II.

Step II. (For (k — 1)-connectivity): Let j := ¢ and
Hy):=H*. Forj=1{,...,k—2, werepeat the following
procedure.

As long as t(H; — s) > max{2j,j + 3}, we execute a
k-feasible splitting at s in Theorem 2.1. If t¢(H; —s) <
max{2j — 1,j + 2} holds, then we can add a set E'j of
at most max{2j — 2,7 + 1} new edges by Lemma 3.1
and obtain an s-basally k-connected graph H;,; with
K,(Hj.H - S) = ] + 1.

Step III. (For k-connectivity): We have Hj_, with
k(Hy-1 — 8) = k— 1. Then by executing resplitting or
removing of edges incident to s in addition to splitting,
we obtain the graph Hy with G = Hj, —s such that (i)
we have t(Gy) < max{2k - 3,k + 1}, or (ii) G, can be
made k-connected by adding B(G) —1—|E(G) — E|.
In the case of (i), we can add a set Ej;_, of at most
max{2k — 4,k} new edges by Lemma 3.1 to obtain a
k-connected G + Ei_;. We see |E(Gy + Ey_1) — E|
< [ar(G)/2] + 6(k — 1) + max{0, (6§ — 1)(¢ — 3) — 1}.
In the case of (ii), we obtain an optimal solution E’
with |B'| = B (G) — 1. O

Theorem 3.1 For a graph G with k(G) = £ and a integer
k>4 withk>¢andé=k—{, G can be made k-connected
by adding at most v,(G)+6(k—1)+max{0, (6 -1)(£—-3)—1}
new edges in polynomial time. O
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