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2 Preliminaries  

InG＝（tlE），itsedgesetEmaybedenotedbyE（G）・  

Forasubset Vl⊂Vin G，G→Vldenotesthesubgraph  

inducedbyV－VI．FbranedgesetFwithFnE＝¢，We  

denoteG＝（隼EuF）byG＋F・Anedgewithendvertices  

u and vis denoted by（u，V）．A partitionXl，・‥，Xt of  

vertexsetVmeansafamilyofnonemptydiqiointsubsets  
of V whose unionis V，and a subpartilion of V means  

apartitionofasubsetofV．Fbrtwodisjointsubsetsof  

vertices X，Y⊂V，We denote by EG（X，Y）the set of  

edges，OneOfwhoseendverticesisinXandtheotherisin  

Y，andalsodenotecG（X，Y）＝JEG（X，Y）J・Forasubset  

XofV，（v∈V－Xl（u，V）∈Eforsomeu∈X）iscalled  

thenei9hborsetofX，denotedbyrG（X）・Letp（G）denote  

thenumberofcomponentsin G・A disconnectingsetof  
Gisdefinedasaset SofVsuchthatp（G－S）＞p（G）  
holdsandnoS／⊂Shasthisproperty・IfGisconnected  

anddoesnotcontainKn，thenadisconnectingsetofthe  

minimumsizeiscalledaminimumdisconnectin9Set，and  

itssize，denotedbyJt（G），iscal1edthevertex－COnneCtivity  

ofG．Ontheotherhand，WedefinelC（G）＝OifGisnot  

connected，andfC（G）＝n－1ifGisconnectedandcontains  

thecompletegraphKn．Foravertexset SinG，WeCal1  

thecomponentsin G－S theS－COmPOnentS，and denote  

thefamilyofallS－COmpOnentSbyC（G－S）・AsetT⊂V  
iscalled tightifIIG（T）isaminimumdisconnectingsetin  

G．AtightsetDiscalledminimalifnopropersubsetD1  

0fDistight．Wedenotethemaximumnumberofpairwise  

disjointminimaltightsetsbyt（G）・  

2．1Edge－Splitting   

Givenagraph H＝（Vu（s），E），adesignatedvertex  

s≠Vandverticesu，V E rH（s）（possiblyu＝V），We  

constructgraphHl＝（Vu（s），El）fromHbydeletingone  

edgefromEH（s，u）andEH（s，V），reSpeCtively，andadding  

newoneedgestoEH（u，V）．Wesaythat H’isobtained  

fromHbysplittin9（s，u）and（s，V）・   

AgraphHwithadesignatedvertexs∈V（H），Where  

H－Sisdenoted byG，iscalleds－basallyk－COnneCtedif  

lrG（X）l＋cH（s，X）≧kholdsforal1setsX⊂Vwith  

V－X－rC（X）≠0．Wesaythatgivenans－basal1yk－  

connectedgraphH＝（Vu（s），E），apair（（s，u），（s，V））  

oftwoedgesinEH（s）iscalledk－jbasibLe，ifthegraphH’  

resulting from splittingedges（s，u）and（s，V）is also s－  

1Introduction  

LetG＝（V，E）standforanundirectedgraph・Fbranon－  

negativeintegerk，agraphGiscalledk－Verlex－COnneCted  

（k－COnneCted，forshort）iflVl≧k＋1andthedeletionof  

anyk－lorfbwerverticesleavcsaconnectedgraph・Given  
anundirectedgraphG＝（V，E）andapositiveintegerk，  

weconsidertheproblemofaugmentingaglVengraphG，by  

thesmal1estnumberofnewedgestoobtainak－COnneCted  

graph・Wecallthisproblemthek－Verte3；TCOnneCtivilyaug－  

mentationproblem（k－VCAP，forshort）．Theproblemof  

augmentingagraphbyaddingthesmallestnumberofnew  

edgestomeet vertex－COnneCtivityrequlrementShas been  

extensivelystudiedasanimportantsubjectinthenetwork  

designproblem，thedatasecurityproblem，thegraphdraw－  

1ngprOblemandothers，andmanye伍cientalgorithmshave  

beendevelopedsofar．   

Currentlyitisknownthatk－VCAPfork∈（2，3，4）can  

besoIvedinpolynomialtime（【2，5】fork＝2，f4，8］for  

k＝3，and【3］for k＝4），Where aninitialgraph may  

notbe（k－1）－COnneCted・Foranarbitraryintegerk＞0，  

whether k－VCAPis polynomial1y soIvableornotis sti11  

anopenquestion（evenifaninitialgraphisrestrictedto  

be（k－1）－COnneCted）・Whenaninitialgraphis（k－1）一  

connected，JordAnpresentedanO（n5）timeapproximation  

algorithmfork－VCAPwithageneralk［6，7jsuchthatthe  

differencebetweenthen11mberofnewedgesaddedbythe  

algorithmandtheoptimalvalueisatmost（k－2）／2・  

It，however，is an open question whether there exists  

agoodapproximationalgorithmfork－VCAPifaninitial  

graphisnot（k－1）－COnneCted・Fbrarbitraryintegerskand  

6≧2，WeCOnSiderwhetherapolynomialtimealgorithm  

canmakea（k－6）－COnneCtedgraphk－COnneCtedbyadding  

asetE′ofnewedgessuchthatthedi鮎rencebetweenlEII  

andtheoptimalvalueoptissmall，SayLE’l－OPl＝0（6k）・  

In this paper，forarbitrary k≧4and e＝k－6，We  

considertheproblemofaugmentingane－COnneCtedgraph  

Gbyaddingthesmallbst numberofnewedgesinorder  

tomakeG k－COnneCted．We鮎st present alowerbotlnd  

onthenumberofedgesthatisnecessarytomakeaglVen  

graphGk－COnneCted，andthenshowthatthelowerbound  

plus6（k－1）＋max（0，（6－1）（e－3）－1）edgessu伍ces・The  

taskofconstructingsuchsetofnewedgescanbedonein  

O（6（k2n2＋k3n3／2））time．  
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basal1yk－COnneCted．Theconditionswhichadmitk－feasible  

Splittingsatsin（k－1）－COnneCtedgrapharegivenin［1］・  

Weshowthefo1lowlngtheorem．   

Theorem2・1エe土方＝（Vu（5），且）むe肌5－♭αβα勒た－  

COれれeC亡edgmpんび鵡αdeβ如mα亡ed〃erfeごββ祝Cん兢αfG＝  

好一55αt査頭eβ㍍（G）＝た1－1一正兢た＞た1≧2．エe書方′＝  

（Ⅴ∪（β），β′）あeαれβ－ゐαβα勒た1－COれれeC£edgmpんぴi銑β′⊆  

ββ祝Cん妨α亡E′査βm去れ云mαJβ埴ecfわ兢盲5prOper旬．rんeれ  

げ£（C）≧max（た1＋2，2た1－2），班eれαpα盲r（（β，髄），（β，可）  

ぴん盲c九盲βた1一♪α5i鋸e盲乃打’査βた一摩αβ豆鋸ei乃甘  口  

3 AnAlgorithmfor k－VCAP   

We here outline a polynomialtimealgorithmfor k－  
VCAPforane－COnneCtedinputgraphwithk－e≧2and  

k≧4，denotedbyV－AUGMENT．   

Wefirstconsiderthelowerboundsontheoptimalvalue  

qptk（G）ofthek－VCAPinG・Letβk（G）＝maX（p（G－  

S）lS⊂l′withlSl＝k－1）・Tomakeagraph G k－  
COnneCted，itisnecessarytoaddatleastk－1rG（X）redges  

toEG（X，V－X－IIG（X））foreachsetXwithV－X－  

rG（X）≠¢andtoaddatlea5tP（G－S）－1edgestoconnect  

COmPOnentSOfG－SforeachsetSwithJSl＝k－1inG．  

Lower Boumd：′甑（G）≡maX（「（恥（G）／2l，βた（G）－1），  

whereαk（G）＝maX（∑た1（k－1rG（Xl）l））andthemaxis  

takenoverallsubpartitions（Xl，…，Xp）ofVsuchthat  

V一端－r（；（弟）≠¢，五＝1，… ，p．  ロ   

Now the followlnglemma for augmenting the vertex－  

COnneCtivityisgivenin［6］・  

Lemma3．1【6】ムefG＝（11月）ゐeαgr呼んα乃dr＊あeα  

βe上げγerわceβγ∈ⅤβUCん兢αfeγerym去れ盲mα～軸根占etβ  

βα£査頭e5βnr＊≠¢αmd柁Or′⊂r＊βα亡古びeβ班盲叩mpeγ妙  

rんeれ？c肌らemαde（K（G）＋1トcoれ几eCtedらyαdd塩町αt  

mo項r＊ト1γlel〃e勾e5．  □  

AlgorithmV－AUGMENT  

Input：AnundirectedgraphG＝（VE）andintegersk≧  
4and e≧Osuch thatlVJ≧k＋1，rC（G）＝eand  

た－g＞2．  

Output‥AsetE’ofnewedgeswithrEll≦qptk（G）＋6（k－   

1）＋ふ弧（0，（∂－1）（g－3）－1）suchthat（；＊＝G＋β′   

isk－COnneCted，Where6＝k－e．  

StepI・（Adding vertex s and associated edges）：   

AddanewvertexstogetherwithasetF＋ofedges  

betweensandVsuchthattheresultinggraphH＊＝   
（Vu（s），EuF）iss－basal1yk－COnneCtedandF＊is  

minimalsubjecttothisproperty．   

IfIrH・（s）l≦た，thenhaltafterfindingasetE10fat   

most6（k－1）newedgessuchthatG十E，isk－COnneCted   

byapplyingLemma3．16times．   

IflrH・（s）l≧k＋1，thenlF＊f＝αk（G）holdsandwe  

gotoStepII．  

StepII・（For（k－1）－COnneCtivity）：Letj：＝e and  

He：＝H＊・Forj＝e，・．．，k－2，Werepeatthefo1lowing  

procedure．  

Aslongast（Hi－S）≧max（2j，j＋3），WeeXeCutea  

k－feasiblesplittingatsinTheorem2・1・Ift（Hi－β）≦   

max（2j－1，j＋2）holds，thenwecanaddasetちof  

atmostmax（2j－2，j＋1）newedgesbyLemma3・1  

andobtainans－basallyk－COnneCtedgraphHj＋1With  

K（巧＋1－5）＝J＋1・  

StepIII・（For k－COnneCtivity）：We have Hk＿1With  

FC（Hk＿1－S）＝k－1．Thenbyexecutingresplittingor  

removlngOfedgesincidenttosinadditiontosplitting，  

WeObtainthegraphHkWithGた＝Hk－5SuChtha．t（i）  

Wehavet（Gk）≦max（2k－3，k＋1），Or（ii）GkCanbe  

madek－COnneCtedbyaddingβk（G）－1－fE（Gk）－E）．   

Inthecaseof（i），WeCanaddaset点k＿10fatmost  

max（2k－4，k）newedgesbyLemma3．1toobtaina   

k－COnneCtedGk＋Ek＿1．WeseelE（Gk＋Ek＿1）－El  

≦「αパG）／21＋∂（た－1）＋max（0，（∂－1）（ゼー3）－1）・   

In thecaseof（ii），WeObtainanoptimalsolution E’  

Wit呵β’l＝βパG）－1・  ロ   

Tbeorem3・1爪）γαタr叩九GⅧ五紙K（G）＝ゼαmdαれteタeγ  

た≧41〃盲班た＞gαmd∂＝た－ゼ，G cαれわemαdeた－CO乃meCねd  

もyαddれタαtmO5f↑た（G）＋∂（た－1）＋max（0，（∂一1）（ゼー3ト1）  

れeひe勾eβれpoJymomぬ‖わ乃e．  ロ   
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