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Abstract  

Weconsidertheproblemofnndingaroutethatminimisestheexpectedsailingtlmebetween  

twopolntSOntheoceanunderuncertainweatherconditions・Thishasapplicationsinlong  
distanCeOf粘horeyachtraclng．TheuncertaintyintheweatherismodelledbyabranChing  

SCenariotreethatcapturestheserialcorrelationinherentintheevolutionofweathersystems  

OVertime・Thestochastic solutionmethodextends adeterministicdynamicprogrammlng  
approachtoincludetheweatherscenarioasastatevariable，yieldingastochasticdynamic  

PrOgrammngalgorithm．Carefu1attentiontoimplementationdetailsyieldsanqPPrOaChthat  

OPtlmiseswithuncertaintywhilemaintainlngaCCePtablesolutiontimesonaPC・Thispaper  
SummarisestheworkpresentedinAllsopp（1998）．   

1ntroduction  

WeatherroutlngistheprocessofdeteminlnganOPtlmalroutetosai1betweentwo glVen  

POlntS，StartlngataglVentime，basedonpredictionsoftheweather．Thefbcusofthisworkis  

long，Of鶴horeyachtraces，SuChastheWhitbread（nowVoIvo）“RoundTheWorld”race，in  

WhichanOPtimalrouteisonethattakestheminimumtime・   

ManyraclngyaChtskipperscurrentlyusedeterministicyachtroutlngSOftwarepackagesto  

helpwiththeirrouteplanmingdecisions．（Thebibliographybelowgivesaselectionofrouting  

PaPerS．）Thissoftwareperformswhatwerefertoasdetenninisticweatherroutinginthatit  

Onlyconsidersonepossibilityfortheweatherandproducesanoptimalroutebasedonthe  

assumptlOnthatthepredictedweatherwilloccurexactlyasfbrecast・However，raCeSSuChas  

theWhitbreadtakeplaceoverlargeareasofoceanandcantakemonthstocomplete・Itisa  
Verydimcultproblemtopredicttheweatherfbrthislengthoftimewithanyaccuracy，SOan  

approachbasedonaslnglefbrecastcanyieldsolutionsthatperfbrmbadlywhenimplemented  

underrealweatherconditions．Inthiswork，WeCOnSiderthepossibilityofdifferentweather  

COnditionsevoIvinginthefuture，andproduceroutesthatperfbrmWellunderallofthem，On  

average．ThisrequlreSSOIvingastochasticweatherroutlngPrOblem・   

YachtModeJ］jng  

Thespeedofayachtisdeteminedbymanyfactors，includingwindstrength，trueWindangle，  

Current，WaVeS，andsailsettlngS・Thesecanbebrokendownintoenvironmentalfactors，SuCh  

aswindandcurrent，andcontrollablefactors，SuChassai1choiceandtrim．Itisassumedthat，  

foranyglVenenVironmentalconditions，thecontrollablefhctorswi11besetsoastomaximise  

thespeedoftheyacht・GiventhisassumptlOn，thespeedatwhichayachtsai1sisdependent  

uponthewindstrengthandtheboat，sheadingrelativetothewind・Themaximumspeedat  

WhichayachtcanSailfbraglVentrueWindangleandtrueWindspeedisdimcult，ifnot  

impossible，tOdetermineanalytical1y・Thisinformationisinsteadgeneratedbynumerical  

Velocltypredictionprogramsandon－the－WatermeaSurementSandtakestheformofadiscrete  
SetOftriplesglVlngtrueWindangle，trueWindspeed，andboatspeed・Interpolatingbetween  

knownvaluescan then glVePredictedmaximumspeedsfbranytrueWindangleandtrue  
Windspeed．Figurelisatypical‘polarplot’showlngthisdata・  
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Becausethewinddirectionandspeedvarieswithtimetandlocationx，WemOdelitas a  

VeCtOrneldw（x，t）・Figure2showsthe“windbarbs”viW（Dey，1998）sailerstypicallyuse  
WhenviewlngWind頁elds．AtypicalweatherforecastglVeSaSetOfdiscretewindfieldsat  

evenlyspacedtimeintervals・Inatraditionaldeterministicfbrecast，thereisonlyonewind  

neldforecastprovidedforeachtime．Tocalculatepredictedyachtspeeds，thediscretewind  

fieldsareinterpolatedin time and space and then ftd aslnPut tO a‘polarPlot’lookup  
function．   

Inadditiontothewindneld，Wealsoneeddataonthewatercurrentsc（x，t）asthisimpactson  
theboat’seffectiveveloclty．Itisrelativelyeasytogetveryaccuratefbrecastsfbrcurrents，  

andsoweassumethatfu11deterministiccurrentinfbrmationisavailable・Bycombiningwind  
andcurrentinfbrmation，WeCannOWdeterminetheboat’seffectivevelocityatanypolntand  

timeforanychosenheading．   

Deterministic Routing 

IndeterministicroutlngWeSeektheroutetosailfromthestarttothennishthatminimisesthe  

time taken，aSSumlng Perftct knowledge ofthe weather．The parameters that dehnethe  

problemarestartandfinishpositionsxs．a。andx。nish，Starttimetsta。，andwindw（x，t）and  

currentc（x，t）ateachlocationxandtimet．Ifwediscretisetheraceareaintoasetofdirected  

arcsandnodes，WeCanthendeteminethetimecarc（i，j，t（i））requiredtotravelfromnodeito  

nodejassumingastarttime’Oft（i）atnodei．This timecalculationtakesintoaccountthe  

Sidewaysmotionofayachtknownasleewaywhichcausestheboatdirectiontovaryfromits  

heading．Italsoa1lowsfbrtackingastheboatheadstowindward．   

Todeterminethe optlmalpathin ourdiscretised network，We uSethe followlng dynamic  

PrOgrammingrecursion・Thisrecursionincludesanexplicit（discretised）timestatetohandle  
thestar［－time－dependenttraveltimes．  
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聖［肌（り，小イ＊（恒CaJり，用1  
J＝乃丘nish  

Otherwise  
（1）  

j＊（i，t）＝argmin［a陀（i，j，t）＋′＊（j，t＋。祇（i，j，t））li＊nhish ノ∈「  
Inthisexpression，Ilisthesetofsuccessorsofnodei，／■（i，t）isthetimetakenforthe  

OPtimalsequenceofdecisionsfromthenode－timepair（i，t）tothennishnodeandj＊（i，t）is  

thesuccessorofiontheoptlmalpathwhenarrivlngatnOdeiattimet・Thequantitybeing  
minimisedateachnode－timepaif（i，t）isthetimetoreachthe伽ishnode，nhish．Thestate－  

SPaCefortheunderlyingshortestpathinthisdynamicprogramincludesanexplicittime  

dimensionasisillustratedinFigure3・  

WeatherModeHing  

To accommodate uncertaintylnthe weather，We need a modelthat describes how this  

uncertaintybehaves・Thesimpleststochasticmodeltreatsthewindspeedanddirectionata  
POlntaSarandomvariablewithaknowndistribution・However，thismodelincorporatesno  

infbrmationaboutwhathashappenedinthepastwhen，infact，Weatherisstronglyserially  

COrrelated・Toovercomethis，WeuSeadiscretisedbranchingscenariomodelinwhichthe  

Weatherunfbldsaccordingtoanunderlyingtree・AbranchinthescenariotreestruCture  
representsthearrivalofnewinfbrmationandanodetheactualinfbrmation・Apossible  
representationofweatheruslngthisstruCtureisshowninFigure4・Thenodeattimetl  
representsthecurrentweathersituation・Thetwonodesattime t2rePreSenttWOPOSSible  
OutCOmeSfbrthewinddirectionand／orstrengthatthattime；Whichofthesepossibilities  
eventuatesisassumedtoberevealedattimet2aCCOrdingtosomeknownsetofprobabilities・  
At somelatertime t3eaCh t2Weather outcomeitselfsplitsinto two difftrent weather  

OutCOmeS，agalnWithknownassociatedprobabilities・Socalled’ensemble，fbrecastsofthis  

typearenOWbecomlngaVailablefromavarietyofsources．  

Wenotethatattime tlthereis  

Onlyonepossibilityfbrthewind，  

thatis allfbur scenarios are  

indistinguishable・Wesaythatal1  
4scenarios belong tothe same  

bundle（1，2，3．，4）・Attime t2  

this bundle of fbur scenarios  

branchesintotwobundlesoftwo  

SCenarioseachandattime t3all  

fbur  scenarios are  

distinguishable．Wede且ne B（t）  

tobethesetofbundlesattime t．  

In the example above，  

叫）＝肌2，3，4））如才．≦J＜J2，  

B（′）＝肌2始4》b＝2≦J＜rい  

and 坤）＝（恥（2王軌輔 知  

t≧t3・Wealsode員neB（s，t）tobe  

the bundle to which scenario s  

Scenarios  
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belongsatacertaintime，t．Intheexampleabove，B（1，t）＝（1，2）fbrt．≦t＜t2．   

StochasticSolutionMethod  

Animportantftatureofstochastic solutionsis thattheymustbe‘non－antlCIPative’inthe  
SenSethat the route up to some time timuSt nOt depend upon scenarioinfbrmation that  

becomesavailableaftertimeti．Oneapproach，knownasprogressivehedging（Rockaftllar  

andWets，1991），istoinitial1yrelaxthisrequirement，buildanOPtimalpathfbreachscenari0，  

andthenmodifythesepathssothattheysatisfythenon－antlCIPativerequlrementS・Wetake  
analternativeapproachinwhichstochasticdynamicprogramming（egseeBertsekas，1995）is  

usedtosoIvetheproblem．   

A number ofchanges need to be made tothe earlier deterministic dynamic program to  

incorporatethestochasticelements・Inordertoaccommodatetheuncertainty，1tisnecessary  

toknow，inadditiontothepositionandtime，thelocationinthescenariotree・ThisrequlreS  

the addition ofanotherstate variable thatidentifies thebranches thathavebeen taken．Itis  

COnVenienttoidentifythebranchhistorybyspecifyingascenario・ThisisdepictedinFigure  
5，Wherethetreeateachnodeshowsdiscretisedtimeperiodswithinthescenariotreeof  

Figure4・Forthisproblem，WeuSetheactualscenario，andnotthescenariobundle，aSthe  

StateVariable；thisallowscorrectinterpolationoftheweatherbetweensuccessivewindfields・  
（Notethatthis allows forthe weatherto vary andimpacton the boat speed befbre that  

becomesapparenttothedecisionmakerastherealisationofascenario・）  

Fromthenode－time－SCenariotriple（i，t，S）weknowthattheonlyscenariosthatcanpossibly  

eventuatearethoseinthesamebundleassat 

． 

to nodei，j＊（i，t，S），that givestheleast expected time to go，Where the（COnditional）  

expectationistakenoverthescenarioss∈B（s，t）・Lett＊（i・j，t，S）betheexpectedoptmal  

timetogof（omnodei，attime t，inscenario s，Whenpasslngthroughnode j next，glVen  

by：  
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（2）  

WherepB（．Y，，）＝∑psistheprobabilityofthebundlecontainingscenariosattihetand  
∫∈β（り）  

PJpB（s．，）istheconditionalprobabilityofscenarios attimetgiventhatitisknownthat  

OneOfthescenariosinthebundlecontainingscenario s willeventuate．Modifying（1）to  

Choosethesuccessorj＊tonodeithatminimisestheexpectedoptlmaltimetogoglVeSthe  
StOChasticfbrward－lookingrecursion：  

（でき。∫・言二  
J＝乃仙sh  

／＊（′，J，∫）＝  
誓㌣＊（i・j，t，S），Otherwise  （3）  

ノ雄，′，∫）＝訂gm血♯（り，J，∫），i如仙sh  
ノ∈れ   

ThisrecursionfbrmStheheartofthedynamicprogramweusetoobtainourstochasticroutes．  

1mp）ementatjon  

Ifthissoftwareistobeusedonboardduringraces・itisimportantthatsolutiontimesarekept  
toaminimum・Thisisparticularlydifncultforadynamicprogramsuchasourswhichhasa  
largenumberofstatesandstage＄・Thereareanumberoftechniquesweusetoreducerunnlng  
times・Firstly，We SOrtthe successors ofeach node by distancefrom that node and use  

boundingtoachievespeed－uPSOfapproximately60％・Wealsoexcludesuccessorsbasedon  
angle spaclng and distance respectively・Using these together achieves speed－uPS Of  
approximately90％・WealsouseanadaptationofaP軸vskii－Shubertalgorithm（Pijavskii，  

1972；Shubert，1972）fbrglobaloptimisationtoachieveasma11furtherspeed－uP．  

Results  

Todemonstrateourresults，WeCOmParetheoptlmalsolutionsproducedbythedeterministic  

andstochasticsolutionmethodsunderuncertainweatherconditions・Considertheexampleof  
uncertainweathershowninFigure6・Heretheinitialwindisauniform8knotnortherly・The  
Weatherthenbranchesintotwoscenarios，Oneinwhichthewindisstrongertowardsthenorth  

andtheotherinwhichitisstrongertowardthesouth・Theprobabilitiesofthetwoscenario  
areO・75andO・25，reSPeCtively．Inbothcasesthewinddirectionremainsfromthenorth．lfwe  

knewwhichofthesetwoscenarioswasgolngtOeVentuate，WeCOulduseadeterministic  

routlngalgorithmtoobtainaminimaltimeroute・However，SuCharoutewillperfbrmbadlyif  

theotherscenarioeventuates・Figure7showsfburroutesfbrtheseweatherconditions．The  

top－mOStandbottom－mOStrOuteSarethedeterministicminimaltimesolutionsfbrscenariosl  
and2・reSPeCtively・ThesplittlngCentralroutesarethestochasticsolution・Notethatthey  
COincideat丘rstandthendivergeonceitisknownwhichscenariowi11eventuate．   

Theroutesshownhereareintuitive；thedeterministicroutesheadtowardsthestrongestwind，  

thatistherouteassumlngSCenari01takesanortherlycourseandthatassumlngSCenario2  

takes asoutherlycourse・Thestochasticsolutionheads slightlynorthofthestraighトIine  
minimal・distancerouteinitially・Whenitbecomesapparentwhichscenarioiseventuatlng，the  

routeisinapositiontotakeadvantageofeitherscenari0．Thepositionisbetterfbrsc占hariol  
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becausethisscenarioismorelikelytoeventuatethanscenario2・Theexpectedtraveltimefor  
eachoftheseroutesisshowninTablel．  

Theexpectedoptlmalroutetimeshowninthistableissimplytheexpectationoftheoptlmal  
routetimesundereachindividualscenario．Wecanseethatthestochasticsolutionhasthe  
bestexpectedtime，atJuStOVertWOhourslessthanthenextbest，thedeteministicsolution  
assumlngSCenariol・TheexpectedtimefbrthedeterministicsolutionassumlngSCenari02is  
anotherfburhoursbehindthis．ThereasonthedeterministicsolutionassumlngSCenari01  
doessomuchbetterthanthatassumlngSCenario2isthatscenari01ismorelikelythan  
scenari02andtherefbrehasmoreinfluenceontheexpectedtime・  
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Descnpt10n   Optimalroute   Optimalroute   Expected  
timeunder   timeunder   OPtlmalroute  

SCenari01   SCenari02   time   

Deterministicscenari01  

（upper－mOStrOute）   

Deterministicscenario2  

（bottom－mOStrOute）   

S tochastic 4daysO5：42：42  4daysO7：06：27  4daysO6：03：38  

（splittingroute）  

7七地上（砂山7αJmlけど〟mg∫カr血rのJJe∫∫ゐα〝乃f乃F∫g上げeス   

Conc山sions  

Wehavedevelopedatechniqueforcomputlngminimalexpectedtimeroutesunderuncertain  

Weatherconditions．Toaccomplishthiswehavediscretisedboththeareaofoceanandthe  

time over which we consider sailing and applied a stochastic dynamic programmlng  

algorithm・Wehavemodelledtheuncertaintylntheweatherbyabranchingscenariotreein  
OrdertocapturetheserialcorrelationthatexistsduetothewayweatherevoIvesovertime．  

CarefulattentiontoimplementationdetailshasreducedrunnlngtlmeStOabout5－10minutes，  

makingthissystemsuitablefbritsintendedapplicationofon－yaChtuseduringraclng・   
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