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An Approach to Coalition Formation in
Cooperative Decision Situations
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Abstract

As an approach to examine coalition formation in a group, we propose a way to transform the
expression of cooperation in the group with games in characteristic function form into a model with
which not only cooperation but also competition in the group can be analyzed. By using the way,
once we have a game in characteristic function form with the set of all possible coalition structures and
the rules of benefit allocation in possible coalitions, we can transform it into the model that can be

analyzed in the framework of conflict analysis.

1 Introduction

In this paper, we deal with coalition formation in
a group. Usually, cooperative relation among the
members of a group is seen as a cooperative deci-
sion situation. There is, however, not only an as-
pect of cooperation, but also that of competition,
in the behavior of members of a group. In partic-
ular, the coalition formation in a group is related
to both of these aspects. In order to examine the
coalition formation appropriately, therefore, it is
required to treat both of the cooperation and the
competition in a group at the same time.

The procedure proposed in this paper for the
analysis of coalition formation in a group are base
on the framework of cooperative games [1] and
that of conflict analysis [2]. Cooperative relation
among the members of a group is often expressed
by a game in characteristic function form. Thus,
we think of the procedure of analysis that starts
with the expression of cooperation in a group
within the framework of cooperative games. In
the framework of cooperative games, however, it
is difficult to treat satisfactory both of the coop-
eration and competition. So, in the procedure,
we transform the expression within the framework
of cooperative games into another framework, in
which the analysis of the aspect of competition
is possible. In this paper, we adopt the frame-
work of conflict analysis to treat the competitive
aspect. Since it is possible in the framework to
treat competitive behavior of decision makers in
cooperative decision situations, we can deal with
cooperative and competitive behavior at the same
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time, and we can specify the coalitions that are
likely to be formed as a consequence of compet-
itive behavior of decision makers in cooperative
decision situations.

the way to transform gives a way to specify
the elements required to identify the decision sit-
uation in the framework of conflict analysis, that
is, the set of decision makers, the set of possi-
ble options, the set of possible strategies, the set
of possible outcomes, and the preferences of the
decision makers, beginning with the elements to
describe a cooperative game with the set of all
possible coalition structures, that is, the set of
decision makers, the characteristic function, the
set of possible coalitions, and the set of possi-
ble coalition structures. Moreover, we need a rule
of benefit allocation in possible coalitions for the
transformation, in particular, for specifying the
preferences of the decision makers for the possible
outcomes in the framework of conflict analysis. In
this paper, we adopt the Shapley value and the
concept of nucleolus as the rules of benefit allo-
cation, because both of them satisfy several nor-
matively desirable properties and always uniquely
exists for any game with any coalition structure.
The preferences of decision makers are defined re-
flecting the benefit allocated to decision maker in
the coalition to which the decision maker belongs.

The way to transform the cooperative games
into the models that can be analyzed in the frame-
work of conflict analysis is defined so as to treat
many person situations, that is, n-person situa-
tions, but the examples examined in this paper
are of the decision situations that three decision
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makers are involved. In spite of the simplicity of
the example, some great insights about coalition
formation can be obtained. One of the most im-
portant properties is that it is not always true in a
cooperative game that the grand coalition, that is,
the coalition that all of the decision makers partic-
ipate, is formed. In the case that the example in
this paper shows, several coalition can be formed
in a group in the consequence of the cooperation
and the competition among decision makers.

In the next section, we briefly see the frame-
work of cooperative games and that of conflict
analysis. Subsequently, we give the explanation
of the procedure of the transformation, followed
by the examinations of examples.

2 Models

In this section, we see the concepts used in the
framework of cooperative games and that of con-
flict analysis. The expression of cooperation in a
group with games in characteristic function form
is (V,v,C, B), and the expression of a decision
situation in the framework of conflict analysis is
(N,O,T,U, P).

2.1 Cooperative Games [1]

In the framework of cooperative games, a coalition
that can be formed in a group and the benefit that
the coalition can make are respectively expressed
by a subset S of the set IV of all decision makers
and the value v(S) of a characteristic function v.
N, S, v satisfy that

e N is a finite set, and

e v is a function that corresponds a real value
v(S) to each subset S of N, where v(0) = 0.

It is required for a coalition to be formed that
the decision makers who would like to belong to
the coalition have to agree. It is not always true in
some reasons, however, that any coalition can be
formed if the members agree. There can be polit-
ical, time, and monetary restrictions. Moreover,
there can be some coalitions that cannot be con-
sistent with each other by the interactions among
them. In order to concentrate only on the coali-
tions that are possible to be formed, we use the
concept of coalition formations. The set of all
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coalitions that can be formed is denoted by C,
where

e (' is a set of non-empty subsets of N, and
e foranyi e N, {i} € C.

A coalition structure is a subset of C that forms
a partition of N. A coalition structure expresses
a set of all coalitions that exist in a group at the
same time. The set of all feasible coalition struc-
tures are denoted by B, where

o for any S € C, there exists a 8 € B such
that S € 3, and

e for any 8 = {S5},5,,..
7=12,...,m,

.,Sm} € B, and any

{SleQ’ ey Sj—l: ({i})iESj7Sj+lv L v‘S‘Hl}

is also an element of B.

The former condition expresses that for any pos-
sible coalition, there exists a coalition structure
that the coalition is realized, and the latter con-
dition means that for any coalition, it is possible
to dissolve the coalition.

In the framework of cooperative games, a de-
cision situation in which a group is involved is
expressed by a 4-tuple (N, v, C, B):

Definition 1 (Cooperative Games)
A cooperative game is a 4-tuple (N,v,C,B). O

2.2 Conflict Analysis [2]

In the framework of conflict analysis, the situa-
tions are treated, the situations that each deci-
sion maker has some strategies as the alternatives
of actions, and the benefit of the decision mak-
ers depends on the selection of strategy by each
decision maker.

The set of all decision makers are denoted by
N, and a strategy that each decision maker can
utilize is expressed by a combination of options.
An option is an element of behavior of a decision
maker. For each option, a decision maker can se-
lect it, or not. Since a strategy is a combination of
options, if the set of all options for decision maker
1 € N is Oy, then a strategy of this decision maker
is a subset of O;. Because it is not always true that
all possible combinations of options are available.



the set of all strategies of decision maker i is a
subset of 29 and it is denoted by T;.

The benefit of the decision makers depends on
the selection of strategy by each decision maker.
We call a combination of selections of strategies
by each decision makers, an outcome. Again, all
-combinations of selections of strategies by each
decision makers are not always feasible, the set of
all possible outcomes is a subset of H T;, denoted

iEN
by U. An outcome u = (u;j)ien € FU is often ex-
pressed, with some subset S of N, by (us,u_g),
where us = (u;)ies and u—_s = (uj)jen\s. The set
of all ug, and the set of all u_g are respectively
denoted by Us and U_g.

For any 7 € IV, the benefit of decision maker ¢
in outcome u € U is expressed by a benefit func-
tion P;. P; is a function from U to the set of all
real numbers, and for any v € U, P;(u) means
decision maker i’s benefit in outcome wu.

(Oi)ien, (Ti)ien, (Fi)ien are denoted by O, T,
P, respectively, and 5-tuple (N,O,T,U, P) gives
an expression of a decision situation.

Definition 2 (Conflict Situations)
A conflict situation is a 5-tuple (N,0,T,U, P). O

3 Transformation

The way of transformation of a cooperative game,
that is, (N, v, C, B), into a conflict situation, that
is, (N,0,T,U,P), is proposed in this section.
Consider a cooperative game (N, v, C, B) is given.

First, we need to specify the set NV in the con-
flict situation. Here, we simply use the set N in
the cooperative game.

Next, it is required to specify the set O; of
options of decision maker ¢ for any « € N. By
using the set C of all coalitions in the coopera-
tive game, we define O; as the set of all possible
coalitions that the decision maker 7 can belong.

For the set T; of all strategies of decision maker
i € N, we assign the set of all possible combina-
tions of the options O; of decision makers. In this
case, since we assumed that each decision maker
can belong just one coalition at the same time, 0O;
and T} can be identified.

Moreover, the set U is the possible combina-
tion of the strategies for each decision makers.
Since it is assumed that only the possible coali-
tion structures, that is, the elements § of B, can

be realized, U can be identified with a subset of
B.

Determining the benefit function P; of deci-
sion maker ¢ € N, we use the Shapley value and
the concept of nucleolus. In both cases, given a
combination of selections of strategies by each de-
cision maker, we can specify the benefit of each
decision maker.

After the transformation, we analyze the coali-
tion formation in a group by using the framework
of conflict analysis [2].

4 Example

As an example, we examine the following cooper-
ative game:

N = {1,2,3}
v(0) = v({1}) = v({2}) = v({3}) = 0,
v({1,2}) = 0.2, v({2,3}) = 0.,
v({3, l}) = 0.9,’0({1,2,3}) =1
C= {{1}’ {2}v {3}7 {1,2}, {273}a
{3,1},{1,2,3}}

B = {{{1}, {2}, {3}}, {{1, 2}, {3},
{1}, {2,;3}}, {{23, {1, 3}}, {{1,2,3}}}

This game consists of three decision makers, and
any coalition and any coalition structures are pos-
sible. By using the way of transformation given in
the preceding section with the concept of Shapley
value, we have the following conflict situation.

o N ={1,2,3}
L 4 O = (Oi)ieN:

- Ol = {{1}7{172}1{173}7{172’3}}
- 02 = {{2}7{172}3 {2v3}7{112’3}}
- 03 ={{3},{2,3},{3,1},{1,2,3}}
o T = (Ti)ien:
-1 = {{{1}}’{{172}}7{{1’3}}7
{{1,2,3}}}

- Tp = {{{2}}, {{1,2}}, {{2,3}},
{{1,2,3}}}

—172 —



- T3 = {{{3}}, {{2,3}}, {{3,1}},

{{1.2,3}}}
o U = H T;:
ieN
o P=(R)ien:

For any 1 € N and u € U, P;(u) is defined
by the following equation:

Pl(u) = (pi(vag o f(u))7

where ¢;(v, ) is the Shapley value assigned
to decision maker ¢ € N under the coalition
structure g, and the function f is defined
for any u € U by f(u) = u' = (t))ien € U,
where for any 7 € IV,

o= {{i}} if 3j€0;etistt; #t;
i ti if VjeO;et,t;=t,

and the function g is an identification map-
ping from U to B.

For example, if

u= ({{1’ 2}}v {{2’3}}) {{2’ 3}}):

then

flu) = ({{1}}, {{2,3}}, {{2,3}})

and

go f(u) = {{1},{{2,3}}}.

By using these definitions, we have the
values of benefit function of each decision
maker and each possible outcome as follows.

Table: Values of Benefit Function

U\N 1 2 3

{{1},{2},{3}} | © 0 0
({11.12,3}} 0 | 0.213]0.587
{{2},{3,1}}y |0281| 0 [0.619

{{1,2}, {3}y | 0.111]0.089| 0
{{1,2,3}F | 025 | 02 | 055

5 Conclusion

By examining the situation given in the preced-
ing section by using the analysis procedure in the
framework of conflict analysis, we have that the
coalition structure {{2},{3,1}} is stable. There-
fore, we see that in this case the coalition {3, 1}
seems to be formed in this group. This example
showed that it is not always true in a cooperative
game that the grand coalition, that is, the coali-
tion that all of the decision makers participate, is
formed, and the procedure proposed in this pa-
per is useful to analyze coalition formation in a
cooperative decision situation.

There are some topics that are related to the
contents of this paper, and should be investigated
in the future researches. One of them is about the
computational complexity that would be involved
in the procedure of analysis for coalition formation
given in this paper when the number of decision
makers increase. Another can be the arbitrarity of
the determination of the benefit function. More-
over, we should investigate the issue of change of
coalitions in a group depending on the changes of
the environment of the group.
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