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1. Introduction

In this paper, we propose a new power

index for voting game which is useful in sit-
uations that not all coalitions are equally
likely to be formed. For calculating our in-
dex, we do not need to construct the ideol-
ogy profile space. Thus we can drop the as-
sumption of the random appearance of hills
required by Owen [1] and Shapley [2]. Our
power index includes the ordinary Shapley-
Shubic index and the Deegan-Packel index
as special cases. We also develop axioms
for the proposed index and use them to
prove the uniqueness. We compare our in-
dex with the existing power indices by us-
ing the data of the House of Councilors in
Japan.

2. Definition of the Power Index

For any pair of sets S and {/}. we denote
the union SU {/} and the difference S\ {7}
by S+ ¢aud §—i. Let N = {1.2..... n}

be the set of voters. A voting game is a

pair G = (N, W) satisfving that N e W C.

2V and VF D VE € W. F € W. Each
coalition in W is called a winning coalition.
The family of minimal winning coalitions
is denoted by W™in, If a coalition E is not
winning., E 1s called losing.

Given a voting game G = (N, W), a pro-
W — [0,1]
satisfying that Y pcyw p(E) = 1. For any

file p of G is a function p :

winning coalition E, a simple profile pg :
W — {0,1} is the profile of G satisfying
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that pp(F') =1 if and only if £ = F.

Given a voting game G = (N, W) and
a winning coalition £ € W, G[E] denotes
the voting game (N, W[E]) where W[E] =
{FCN:FnEeWw}. We denote the
Shapley-Shubic power index of the voting
game G[E] by o[E] € [0.1]".

Now we define a new index. Given a
voting game G = (V. W) and a profile p of
G, the y-index (G, p) € [0,1]" is defined
by MG p) = Xpew P(E)S[E].

The n-index includes the Shapley-Shubic
index and the Deegan-Packel index as a
special case. When the given profile is the
special simple profile py. then the n-index
15 equivalent to the ordinary Shaplev-
Shubie mdex. If the profile is defined by

/|1 (E e Wy,

ME)= { 0/‘ | ( otherwise ).
then the p-index is equivalent to the
Deegan-Packel mdex.

3. Axtomatic Characterization

In the following, we introduce axioms
which implies the 7-index.
Axiom 1: If a player i € F satisfies that
VEE C N — 4, o(F) = o(F + {). then
(G, p); = 0:
Axiom 2: Let pg be a simple profile. If a
pair of players ¢, ) € E satisfies that v(F +
i) =v(F+j)foral F C N\ {i.j}, then
WG, pe)i = (G, pE);.

Axiom 3: For any pair of voting games



G, = G, = (N,W,;), and a
simple profile pg satisfying E € W, N
Wa, 7(G1,pE) + 1(Ga,pe) = 1(GaspE) +
7(Gv,pg) where G, = (N,W; N W,) and
Gy = (N, W, UW,).

Axiom 4: The sum total of -index values

(]V» W1)1

15 equal to 151, e, Yien 0(GLpE) = 1.
Axiom 5: For any voting game G and a pair
of profiles p; and py of G, y-index satisty
the property that p(G. Apy + (1 — A)py) =
MG, p)+H (1= NG, py) for all A € [0.1].
Axiom 6: For any voting game G = (N, W)
andd a coalition £ € W. j-index satisfies
(G pe) = )(G[E]. pg).

Theorem A power index is the ny-index if
and only if it satisfies Axioms 1,...,6.

4. House of Councilors in Japan

In the paper [3], Ono and Muto consid-
ered the House of Councilors in Japan as
a weighted majority game defined by the
Table 1 with 6 playvers. They also used
the profile in Table 2. which 1s the pat-
terns of vea/nay combinations and their
frequencies of the nonnanimous votes that

occurred during the period of 1989-1992.

Table 1: The House of Councilors in Japan (1989-1992) .

Liberal Democratic Party (LDP) 109

Sacial Demoacratic Party of Japan (SDP.) T4
Neameito (Komei) 21

Japan Communist Party (JCP) 14
Demaocratic Socialist Party (DSP) 10

Rengo 12

quota / total | 127 / 240

Table 2: Patterns of yea/nay combinations (1989-1992).

LDP SDJP  Komei JCP DSP  Rengo | value
Y Y Y N Y Y 85
Y N N N N N 13
) N N N Y N 9
3\ N Y N Y Y 6
N Y Y Y Y Y §
Y N Y N Y N 5
Y N Y Y Y Y
Y Y Y N Y N 1

Table 3 shows power indices. S-O index

(k) shows the Shapley-Owen index defined
in a k-dimensional ideological space. O-M
(k) is defined in a similar way. When we

calculate n-index, we set the quota to 121.

Table 3: Power indices.

index LDP SDJP Komei JCP DSP Rengo
S-S 0.567 0.117 0.117 0.067 0.067 0.067
Bz 0.844 0.156  0.156 0.094 0.094 0.094
D-P 0.333 0.117 0.117 0.1d4 0.144  0.144
S-0 (1) 0 0 0.5 0 0.5 0
S-0 (2)  0.155 0.032 0.211 0.1 04582 0.000
O-M (1) 0 0 0.932 0 0.06% 0
O-M (2) 0.639 0 0.292 0 0.06% 0
O-N (3)  0.639 0.135 0.1x0 0 0.045 0
O-M () 0.707 0.007 0.105 00.135 0.045
O-M (5) 0.511 0.166 0.202 0 0.049 0.072
n-index  0.550 0.117 0.145 0.064 0 0.125

4. Discussions

The main difference of our index from
the nonsymmetric Shapley-Owen index
and Ono and Muto’s method is that we
do not need to assume the existence of ide-
ological space. We measure the ideological
difference among parties by the patterns of
vea/nay combinations. A bias of the dis-
tribution of patterns defines the 1deological
distances among parties. [t means that we
do not need to identify the absolute posi-
tion of each party in the ideological space
and so the obtained result based on the rel-
ative difference among parties.
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