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palrWisecomparison matrix．We thendefine Ki  

asthenumberofthepositiveofF・diagonalelement  
叫払r豆∈J・   

Asinthecaseofcompleteinformation，Wiisthe  

ithselLevaluationvalueand（aiW－Wi）／Kiiscalled  

theith non＿Self＿eValuation value．This definition  

ofnon－SelLevaluationvalueisanaturalextension  

Ofthecompleteinformationcase，becauseinthis  

CaSeWehave垢＝n－1fori∈I．   

3．Discrepancymodels  

We discusses theincompleteinformationcasein  

the・mOdel－based AHP whichis based onthe selB  

evaluat．ion and the non－Sel仁evaluation．The com＿  

pleteinformationcaseisdealtasaspecialcaseof  

theincompleteinformationcase．   

Byintroducingthegeneralizeddefinitionsofthe  

Selトevaluation value wiand the non－Selfevalua－  

tionvalue（aiuWi）／Kiinto旦and為，Weformu－  

1atethefo1lowlngdiscrepancyminimizationprob－  

lemswiththeratiosoft，heselLevaluationvalueto  

thenon－Sel仁evaluationvalue：  

1．Imtroduction  

A model－based justificationfor the elgenValue  

method（EM）ofAHPisproposedbySekitaniand  
Yamaki［2】．Letaiandwibetheithrowvector  
ofacomparisonmatriⅩAofordernandtheith  
COmpOnentOfaweightvectorwfornobjects，re－  
spectivelyItheycal1  

and（αiW一明）／（れ－1）・伽折れO和一β姉eひ血αfわm  

Value・LetI＝il，・‥，n），theyformulatethe  

fo1lowlngtWOdiscrepancyminimizationproblems  

with n ratios of the selトevaluation value to the  

non－Selトevaluation value：  

αiW－1〟i ．【  αiW－Wi  
‾1■ andfち：miprp鱒  ‾‾‾●‘’‾ 
芯苅「藁ア（れ－1）wi 蒜苅福ア（れ－1）叫   

Bothaoptimalsolutionofn andfちareaprln－  
ClpaleigenvectorofA，thatistheweightvectorof  

EM．  

In order to combine the two optimization  

models巧 and fち，this study develops a new  

discrepancy－minimizationproblemthatevaluates  

theratiosofwitO（aiW～Wi）／（n－1）andtheir  

reciprocals．TypicalvariationofAHPis thein－  

COmpleteinformationcase，thatis，SOmeentryOf  

Aaremisslng．Thisstudyshowsthatabovethree  

models（n，角andthecombinedone）canbeap－  

PliedtosuchcaseofAHPasanaturalextension  

Ofthecompletecase．   

2． Generali2：ed non－Self－eValuation value  

Fbr AHP with theincomplete palrWise compar－  

isons，1et aij be the palrWise comparison value  

WhenthepalrOfthealternativesiandjiseval－  

uatedbyadecisionmakerIandletaijbeOwhen  

thepalrOfthealternativesiandjis not evalu－  

ated・Letaii＝1fori∈Iandaji＝l／aijfor  
チij＞0・ThenthenonnegativematriⅩA＝（aij）  

lSWelldefined・WecallA＝（aij）anincomplete  

αiW－ぴi ．ハ  叫ひ－ぴi  
ー▲  and（～2：mip叩鱒   

－－  

－〟＞Oi∈J」垢叫  －▲∫＞Oi∈J．垢叫  

n／角isidenticaltoQl／Q2Withthecompletein－  
formation，thatis Ki＝n－1fori∈I．For  

thematrixA，Wedefinetheithrowvectorai＝  
（ai－ei）／Kifori∈（，Whereeiistheithunitrow  
vector．ThematrixAconsistsoftheithrowvector  
豆∈J．  

Lemmal飢仰0βe血£α乃去れCOmpgefepα盲で盲βe  

COmpαr盲β0れmαfr血A盲β査rre血e豆鋸e．rんe†lA由  

αね0乃8氾乃印α励eα乃dかre血c沌Je．  

Lemma2∫叩pOβe班αfα乃盲mcom〆efe pα盲rt〟盲βe  

COmp肝壷βOm mαfr盲∬A由打re血c査わk．rんe†l班e  

pr血c車pαJe如erlUαJue扉A豆βαβ盲mgJe roof好古ね  

CんαmCferぬねce叩α如氾αれd兢eree∬ねねαpOβ盲血e  

pr盲れC≠pαJe匂erlUeCねrqJA．  

ThefollowlngtWOtheoremsstatetherelationship  

betweenaprlnClpaleigenvectorofAandanopti－  
malsolutionofQlOrQ2．  
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Theorem3Suppose that Ais nonne9ative and  

irre血c豆鋸e．上efγゐeαれypOβi如eγ1－d盲me†lβ豆0乃αJ  

UeCわr o班er兢αれαpr盲加如Je豆タe†lUeCわr q／A，  

thenmini∈J警．＜入max＜maxi∈J警，Where入max  

盲β班epr盲氾C亘pαJe盲ger川αJむeq／A．  

Theorem4Supposethatanincompletepairwise  

COmpαrねom mα亡わ∬Aゎかre血c言ゎJe．ん＝頑加血  

相h損m〔ゾQlぬe叩αJわαpOβ五如e pr首相C如J  

吻eれ〃eCわr扉A，αれdu査ce眠r銅．A乃‘叩£豆mαJβ0－  
J鋸fわれ扉Q2ねαねo e叩α■JわαpOβ盲如epr玩ci卯J  

e盲タerl〃eCわrイA，αれd〃盲ceuerβ仇  

Inordertocombinethetwooptimizationproblems  

QlandQ2，WeprOpOSethefo1lowingdiscrepancy  

minimization problem that evaluates the ratios  

ofthe selLevaluation value to non－Se虻evaluation  

valueandtheirieclprOCal：  

Lemma7∫叩pOβe班αfA盲βαれ豆乃COm〆e亡e匹盲r－  

ひ盲β占compαr由ommαfr血扉order†l，αれd加古豆‘ぬ  

盲rre血ci鋸e．血明血血偏血助川川4盲βe叩αJわα  

pr盲れC亘pαJe盲タe†lUeC加扉At〃古仏班edねタ0れαJe†かy  

αiire〆αCedむy几一箱，αmd〃豆ceuerβ仇  

Theorem8Supposelhat Ais anincomplete  

pα盲rt〟豆βe COmpαrぬ0れmα亡r豆∬扉oder†1，αれd班αf  

査f由扇Te血c沌Je．Aββume班αf∬1＝…＝軋・．A†1  

0〆盲mαJβOJ祝f豆8れ扉Ql，Q2αれdQ3盲βe叩αJわα乃  

Opf盲軌αJβOJ那加乃扉Q4，αmdu盲ceuer餓．  

AllnodesofthegraphG（A）havethesa事nPdegree  
ifand onlyifKl＝・・・＝ Kn．Such agraphis  

Ca11ed regular．The above theorem can be also  

expressedintermsofgraphs：  

Corollary9∫叩pOβe 班αf A 由 肌哀れCOm〆e£e  

pα豆rt〟ねe compαrぬ0れmαfr盲∬イorderm，αれd班αf  

G（A）ねcoれ乃eC‘edαれd呵uJ椚∵A乃OpfまmαJβ0叫  

fわmQ4由，e叩αJわαmOpf五mαJβOJ那加れ扉Ql，Q2  

α乃d（∋3，re坤eCf豆ueJ肌αれ¢〃盲ce眠r餓・  

The following theorem guarantees that both QJ 

andQ4prOVidenon－biasedweightsfortheconsis－  
tentpalrWisecomparisonvalues．  

TheoremlO Suppose that Ais anincomplete  

ヱ氾盲rひ毎compαr如れmαfr五∬可oderれ，αれd班αf  

正吉β京サe血c沌Je．Aββ祝mefんαf班eop£盲mαJuαJむeq／  

Q4砧軋AれOp上古mαJβOhiわれ扉Q4盲βe叩αJわαれ  

Op亡盲mαJβOJuf盲0れイQ3．  

The above two assertions mean声h・Om Theorem  
6that an optimalsolution ofQ4is an optimal  

SOlutionofQifori＝1，2，3，reSpeCtively．  

CorollaryllSuppose that Ais anincomptete  

pα盲rt〟盲βe COi叩αr盲β0れmαけ盲エげorder几，α乃d班αf  

古土盲βかre血c盲鋸e．Aββむme班α‘班e叩£盲mαJuαJ鋸eq／  

Q4ね几・AれOp草加αJβOJむ如n扉Q4豆βe叩αJわαれ  

叫血山元血叩代りm＝1，2，3，r叩eC如eJy．  
Here，eCOnSiderthespecialstructureofG（A），a  

Spann 

Corollary12飢即朋eぬ扉A由＝肌血com〆efe  
pα盲「乱′盲βe COmpαr盲β0乃mαfr盲∬扉order†l，αmd班αf  

C（A）ねα叩αれれ去れタf柁e．Aれ0〆盲mαJβOJむ如れ  

扉Q4由e9uαJfoαれ0〆盲mαJβOJむfわれ扉Qi♪r  

盲＝1，2，3，代印eC血eJy．  
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αiひ－ひi 垢叫  
Qi：minmax  
W＞Oi∈J  垢明・’αiひ一明  

Lemma5g叩pOβe班αfαれiれCOmpJefe pα汀ひ査βe  

COmpαr豆β0れmαfr血A五β盲汀educ言ゎJe．m∽Q3んαβ  

肌叩上古mαJβOJ山上わm．  

Theorem6SupposethatanincompLete㍗irwise  
COmpαr盲βdれmαfr盲∬AぬかTe血c盲鋸e．上e土人ふaxあe  
班epr盲れC盲pαJe由e†l〃αJ祝e（イA，兢eγl班eopf盲mαJuαJ－  

むeβ扉Q3ねmax〈imax，Å孟乙x）・凡r抽moreαれ  
Opf豆mαJβOJⅦ如和好Q3由e叩αJわαpOβ盲血epr哀れ－  

C亘pαJe毎e氾〃eCわrq／A，αれdu五ceγer餓・  

Theムrem6assertsthatQl，Q2andQ3hav9the  

Same10ptimalsolutions．   

4．Somepropertiesofdiscrepancymodels  

In order to describe the st．ructure of theincom－  

pletepalrWisecomparisonsfornalternatives，We  

COnSider thefo1lowlng．undirected graph with n  

nodes：Ifa pair（i，j）ofalternativesiand jis  

？Omparedbyadecisionmaker，thearc（i，j）be－  

tweenthenodeiand．thenodejisdefined．We  

denotethegraphcorrespondingtotheincornplete  

pairwise comparison matrix A by G（A）．In the  

CaSeOftheincompleteinformation，thegraphis  

notcomplete．   

由arkermethod［1】isavailableforevaluatingthe  

weightvectorfropanirredu云ibleincompletepalr－  
wise matrix A of order n and the weight vector 

OfHarkermethodisa．prlnClpaleigenvectorofA  

With thediagonalentry aiireplaced■byn－Ki・  
Thereforeweformulatethefo1lowlngOptimization  

problemcorrespondingtoHarkermethod：  

Q4：minmax＋？一箱Tl・  
ひ＞Oi∈Jl巧  
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