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1Introduction   

LetG＝（V，E）beanundirectedgraph，Whichissimple  

andconnected・AnediertznkEngofagraphG＝（V，E）  

isalabelingr：E→Z＋，Withthepropertythateverypath  

betweentwoedgeswiththesame）abelicontainsanin－  

termediateedgewithlabeIj＞i・Anedgerankingby  
integersl，2，…，kiscalledak－edgertmking・AgraphG  

issaidtobek－edgerankableifithasak－edgeranking．  

AnedgerankinglSmLnimumifthelargestrankkinit  

isthesma11estamongal1edgerankingsofG；SuChkis  

Ca11edtheminimumedieTunkofGandisdenotedby  

rank（G）・TheminimmedierankingpTVblem（MER）  
asks tocomputeamlnimumedgerankingofaglVen  

graphG．ItisknownthatMERisingeneralNP－hard  

【6】，butitcanbesoIvedinpolynomialtimewhenthe  

graphisatree【l，5］・  

Inthispaper，WeneWlyconsiderthefollowlngPrOb－  

1em，WhichresemblesMERbutisessential1ydifftrent．  

MERST（minimumedgerankingspanning treeprob－  
1em）  

Input：AsimpleundirectedgraphG＝（りE）whichis  

COnneCted，andanonnegativeintegerk．  

Question：DoesGhavea々－edgerankablespanningtree  
（i・e・，doesthereexistaspanningtreeT＝（V，ET）of  

Withrank（T）≦k）？   

Fig・1givesanexampleofaminimumedgeranking  
SPannlngtreeOfagraphG，tOgetherwithitsedgerank－  

1ng・ProblemMERSTcanbefbundinmanypractical  
applications・  

In this paper，We Show that MERSTis NP－hard，  

andpresent an approximation algorithm forMERST，  

Withits worst case perfbrmance ratiomin（（A＊－  

1）Iogn／A’，A事－1）／（log（A＊＋1）－1），Wherenisthe  

numberofverticesinGandA＊isthemaximumdegree  

OfaspannlngtreeWhosemaximumdegreeisminimum．   

2 NP－hardnessofMERST   

Inthissection，WeClaimthatMERSTisintractable．The  

ideaofourproofisbasedontheNP－hardnessproofof  

theconnectedsize－k－Partitionproblemfbrplanarbipar－  

titegraphs【2］・ForavertexsetW⊆V，G［W］denotes  

thesubgraphofGinducedbyW．   

LemmalAnyconnectedgnphGwithrank（G）＝khas  
dJmo∫J2鬼ver〟ce∫．  

ForagraphG＝（V，E）andapositiveintegerk，aSize－  

kTPartitLonofVisa（IVVk）－tuPle（Vl，th，・・・，「VI／k）and  

V＝VlUthU…Utlvl／k，tlnり＝Ofbral＝≠jsuch  

thatJ叫＝kfbri＝1，2，…，lVl／k．Eachl小scalledan  

elementofthepartition・Asize－k－PartitionofViscon－  

nectedifthegraphsG囲areconnectedforalli．Let  

G＝（竹E）beagraphwithIVI＝2k，Wherek≧0．Wt  

SaythatGhasanestedpartiEionifitrecursivelysatisfies  

OneOfthefbllowlngCOnditions：  

（i）た＝0，Or  

（ii）Ghas aconnected size－2k．1－Partition（Vl，th）  

SuChthatbothG［Vl】andG［堀havenestedpartitions．  

Lemma2エビJG＝（竹丘）占edg′叩ゐw叫VI＝2た（た≧  

0）・侮乃G力α∫dた一吻em〃加地乎α加わgr′℃eげd几d  

OゆがJJんd∫α乃g∫Jedクdr血朗．   

Thislemma provides the essentialidea of NP－  

COmPleteness proofofMERST：i・e・，tO伽dak－edge  

rankablespannlngtreeOfGisequlValenttofindanested  

PartitionofG．   

TheorcmlMERSTisNP－Cu〃ZP［ete・  
Figurel：AminimumedgerankingspanningtreeTofthe  

graphG．  
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Ofverticesn＝lVlanqitsmaximumdegreeAT，inor－  

dertoprovetheapproximationratioofalgorithmAp－  
PROX＿MERST．   

Lemma3Fbr any tree T＝（V，ET），rank（T）≧  

max（△r，「log州ゐ0励wんビワ△rね血m以fm〟m由一  

gJ℃eげverJ∫ce∫′乃r8〝d乃＝lVト   

Lemma4上′eJr＝（V，gr）みgα一作ビル肋IVl＝〃．乃e乃  

〟んd止‖血射  

rank（r）＝「log乃1  げ△r＝0，1，2 （2）  

3 AnApproximationAlgorithm払rMERST   

SinceMERSTisNP－hard，We．PrOpOSeanapPrOXimation  

algorithm，Whichisacombinationoftwoexistlngalgo－  

rithmsfortheminimumdegreespannlngtreePrOblem  

（MDST）andfortheminimumedgerankingproblemof  
trees（WhichisMERwhoseinputgraphsarerestricted  

tobetrees）．Westateitsapproximationratiohere，and  

analyzethealgorithminthenextsbction・   

We denote the maximum degree of verticesin a  

graphGbyAG，andthemaximumdegreeofthemini－  

mumdegreespanningtreeTof・GbyA’（＝AT）・Aト  

thoughMDSTisknowntobeNP－hard［4］，Furerand  

Raghavachari［3］developedapolyりOmialtimeappr9Xi－  

mationalgorithmwhichcomputesaspannlngtreeTsat－  

isfying  

△＊≦△r≦△＊＋1（≦△G）．   （1）   

OurapproximationalgorithmforMERSTfirstcom－  

putesaspanningtree7ゝpp，。XOfGsatisfying（1）（byus－  

ingthealgorithmin［3］），andthencomputesitsmini－  

mumedgeranking・RecallthatMERTispolynomially  
SOIvable（e．g．，【5］）・Thus，Ouralgorithmdescribedbelow  

Canbeexecutedinpolynomialtime．  

AlgorithmAppROX＿MERST  

Input：AgraphG＝（V，E）．  

Output：AspannlngtreeTofGanditsedgerankingr・  
Stepl：ComputeaspannlngtreeThpproxofGsatisfying  

（1）．  

Step2：Computeamininumedgerankingrof7Lpprox・  
Step3：OutputT＝TApproxanditsedgerankingr・  

Theorem之ゐrαgrdpゐG＝（V，g）血肋1叫＝乃，JeJ  

7五J〃de〝OJeαmJ〃Jm“me勾e用乃た玩g甲α〃乃加g加eげ  

G，d乃dJeJち〝相ide乃OJeα岬d乃乃血g加eげGco〝卿fed  

byalgorithmAppROX＿MERSTjbr（hei叩utG．・77zen，  

theqppTVXimationnztioQfalgorithmAppROX●MERS  

C？〝ムe占0〟〃dedノわmαわoveムγ   

rank（7Lpp，u）／min（（A■－1）logn／A＊，A＊－1）   

（△r－2）log乃  
rank（r）≦   げAr≧3．  （3）  

log△r－1  

This）emma，tOgttherwithLemma3，PrOVeSTheorem  

2，SincethealgorithmofFOrerandRaghavachari［3］can  

findaspannlngtreeTofGsuchthatA＊≦AT≦A＊＋1  
inthe丘rststepofAppROX●MERST．   

LetTtd，h）denoteatreeinwhichalltheinnervertices  

havethesamedegreedandthereexistsavertexvosuch  

thatthedistancesbetweenvoandalltheleave岳areex－  

actlyh・ThisTkh）attainstheupperbotlndofLemma  
4．   

Lemma5エerdα〃dん占ef乃一喝e和明Cん亡んαJd≧3（】乃d  

（d－2）log乃  
h≧2・T7zen，77d，h）Satidiesrank（77d，h））≧   

log（d－1）  
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rank（弘一）⊥   log（△■＋1）－1  
’  

Wんe柁△＊J∫血mdズ′m以mdeg′℃eげJ力emf山肌〟mdegree  

岬α乃乃i乃g一作eq′G．   

4 AnalysisofEdgeRankingofTrees   

Inthissection，Wederiveupperandlo料erboundson  

rank（T）ofatreeT＝（V，E，）intermsofhenumber  
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