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CXamPle，a COnStraintmighlrequlrCthaHhe totalnumber of  
dutiesthatstartfromaglVCndepothavetobelessthanaglYC  
Yaluc．Thisconsb・ain（appliestothecompletesolutionanditis  
notpossibletoconsideranindividualdutyandconcludewhether  
adutysa（isfiesLheconstrain（OrnO（．hthiscase，lheconstraint  
has（OeXPreSSCdasaLineaEProgrammlngCOnSb’ainl・   

Onem叫Oradvantageof（hismodelisthatcomplexconstraints  
lhat occurin rcalworld crew scheduling problems can be  
accommodatedeasily．Columnsincrew－SChedulingsystemsfor  
lhctransportationindusb・yhavecomplexnon－1inearconsbTaints  
thatcanno（beeasilyincludedinan LP／MIPfomulation・ha  
COlumn generation丘ameworki（is easier to consider them as  

they have be enforcedinthc genera（ion phase・Thatis，Only  

COlumnsthatsatisfya11theconstraints（Lhatapplytoindividual  
duties）訂egenerated．   

Themajordrawbackofthismodelisthat（hentmberofftasible  
duliesrunintomi11ions or billion亭andi（is not possible（O  

genera（e＆11possiblecolumnS．Columngenerationhandlesthis  

byimplicitlyconsideringallthecolumns．AsXisbinary．the  
formu18（ionglVCnaboYeneCdtobe◆soIvedusingthcbranchand  
boundalgorithm．However，letusfirstconsiderlhesolutionof  

（he relaxed LineaT Program．The basic column generation  
algorithm（OSOIYCtherelaxedLPisasEbZlows：   

l． Generalcareasonablenumberofcolumns．  

2． SoIveth¢relax¢dLP  

3． Genera（ecolumnstha（pnceou（，uSingdualYaluesffomthe  
SOlutionofrclaxedLP．Thatis，forminimizationproblems，  

COlumnsthathaYenegatiYereducedcost．Thereducedcost  
OraCOlumni＄glVenby：  

Cノー方・α ‾‾ノ   

Where・Cjisthecostofdu（yj・While：仔is（herow  

VeCtOrOfdualvariablesoftheoptlmaldualsolutioninof  

current relaxed solution and a is column associated  
－ノ  

Wi血d叫j．げ仙erぢ訂e爪OCOlumns【balpriceou【（has  
nega（ivereducedcos（）thenthecurrentsolutiorlisoptimal．  
Thus，S10p山¢algori血m．   

4． Go10Step2．   

Thcoretical1y，ilispossibletoaddonlyonecolumninstep3，but  
inprac（ice．itmaybebettertoaddasmanycolumnsaspossible．   

Inthispaperwewi11discusshowILOGSoIvercanbeuscdto  
increa紙Ibee爪ciencyoflhegenerationorcolumms．   
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AgreatdealofresearchhasbeencarriedoutinsolvinglaTgeSet  
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InrecentyearsColumnGeneralion（Barnhartetal．1996）has  
gainedpopularityasalechniquetosoIvecomple7LOptimization  
problemsintransportation． Columngqnerationisusedquite  
COmmOnly for crew schedulinginlhe b’anSpOrtationindustry  
（Airplanes，Buses，and nains）．In these problemslhere are  

number of ac（iYitieslha（Slar（and end ala fi7Led time．For  

Aircrewscheduling，anaCtivityrcpresentsafligh（1eg，Whilcfor  

busscheduling，anaCtlYl（yrepresentsabustrip・Theo叫ectiveis  

10aSSlgnlheseactivitiestocrewssuch（ha（eachcrewmember  

CaNiesouLanumberofac（ivitiesinsequenceinmannerthatit  
Salisfiesa11（heworkrules（forexample（heunionnlles）andLhe  

（Otalcostisminimized．Forexample，inAircrewschedulingthe  
Objec（iveistodetemineanoplimalsetofpairings．ApairinglS  
SequenCeOffligh（legs（hatstarLatabaseandendsa（abase（See  
Desr∝hers and Soumis（1988）and Vance et al．（1997）fbr  

dctai1s）．SimilaTly，inBusCrcwscheduling，theobjectiveisto  
developdu（ieslhatareasequenceofbustripsthatstar（丘oma  
depo（arldendatadepol．Sinceweareoptlmizingbusduties，Lhe  
（erms usedwi11be for Bus crew scheduIing．However．the  
COnCep（SCanbeappliedtoairlinecrewpalrlngSaSWell．   

ColumngenerationiscazTiedoutintwophases．hPhaselthc  
COlumnsa代genera【cd．Eachcolumnwi11repreさenla18galduly．  

Theconstraints（hat apply toindividualduties are considered・  

Foroxample，theremaybeaconstraint山a【apersoncanwork  

Onlyfor8hoursinaduty．Inlhiscaseitispossibleconsideran  
individualdutyandfigureoutLhatifitbreaksthis8hourru1eor  
not．Itis not necessary to considerthecomple（e solution（O  
deleminethelegalityofanindividualdu（y．   

InPhase2，allthecolumnsarebroughttoge（her10nndafeasible  
and op（1malsolution to Lhe problem．h phasel，duties are  

generatedignoringtherequlrementthateachbustriphas10be  
COVeredbyonlyoneduty．Thus，lhisconstrainthastobeenforced  
in phase2．This usua11y done by uslng（he set partitionlng  
bmulalionas：  

mM劇L ＋C∬  
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Aisamatrixwhereeachrowrepresen（Sapieceofwork（bus扇p．  

蝕gh11eg）・Eachcolumn（甲Chelementofvec10r∬）repres8ntS  

aftasibleduty・ColumnJhas’ai．j＝1ifdulyJgoes  

lhrough扇p gand Ootherwise．AIsoothercons血nts血t  
applytothewholesolutioAhave10beenforcedin（hisphasc．For  
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PaJ－ti（ioningLinearPrograms（Phase2）  

（HoffmanaLldPadberg（1993））．However．1essatlentionhasbeen  
paid10山egenァr81ionofcolumns（Phasel）・al加ugh如m山e  

au（hor’s experlenCClhis can COnS（itu（e up（0 80％ of the  
COmputaliontimc・Tbcreasonforthisispossiblybcc＆uSePhasc  
lhas（Odealwithcomplexrealworldconstmin（Stha（CannOtbc  
easilyexprcssed as LPconstmin（Sand thesc constrain（S differ  
丘omone＆PPlication（OanOther．   

Currentlythereare（WO（echniques（OCarryOutLhegener＆lionof  
COlumns：   

（1）Simple backBacking me（hod・h thismcihod，d．uties afe  

generatedbyaddingtnpsandlhencheckingforlegalily．1f   
i（thedutybecomesillegalafteraddinganewtripthenthis  
trlPISrCmOVedfrom（hedutyandanoihertrlpisadded．げ  
thedu（ycanstillproYidealegaldu（y，Lhistnpiskcptinthe  
dulyandaano（herblPisadded．げbyaddinga扇p（heduty  
becomeslegal，lhen（he dutylS StOred andthe algorithm  
COn（inues．Thisalgorithmwi11provideall（hclegaldutiesas   
itdoesanexhaustivesearch．AIsointhecolumngeneration  
SCheme．if（heteducedcostofnnalcolumnisno（negative  
thenilisthrownaway．HoweYCr．Sihceitbacktrackscach  
timeatripaddedtodu（ytrlggerSafai1ure，ilisgenerally   
inefficien（．Aslhecpmple（eenumera（ionofalllegaldu（ies  
WOuld be time consumlng，YaEious heuristics haYe been  
developed10manage山isphase．  

（2）MultilabelShortest Path algori（hm：h this me（hod a  
ne（WOrkisbuild suchthatanodcrepresentsa，trip．LFits  
possible for a du（y have．b’ip B af（Cr bipAthen an arc  

betweenthenodesforTtipAandBisadded．Thus．apath  
触）maSt訂IingNode（a仕ip山atcans伽taduly）8ndan  
endingnode（Atrip tha（Can endaduty）wi11bea duty．  
Labelsatekep（inthisne（WOrktostorethes（ateOfthedu（y  
wi（hrespec‖oYariousconstraints．Thereaderisreferredto   
（Vance et al．（1997））for more de（ai1s of（he algorithm．  

ThisalgoriLhmiscomplexanditgenerallyhas（Obeusedin  
COduncdon wiLh a backtracking algorithm．Itisalso  
di爪cul！，if no（impossible Loimplement complex  
COnStraintswi（hthistechniquewi（houtbacktracking．   

In（hisprqject，ILOGSoIYerWaSuSedfor【hecolumngenera（ion・  
ILOG SdlYeris a C＋十 constrain（－PrOgramm）nglibrary．It  
PrOYides（hepnmitiYeSfordeclaringdecision Yariables，Stating  

COnStrain（S and soIYing Lhe resul（ing problem．ILOG SoIver’s  

designisbasedon（hefollowlngPrlnCiples  
●  ProblemmodelsaEeSeparatedftomthesearchalgorithms  
－  AIIconstrain（SCOllabora（e（Oge（hertocompute solu（ions  

●  The user can change（he search strategy（O genera（e Lhe  
ta工geledsolutions  

Åpowerfulfea（ureofILOGSoIYerisdomainreductionthrough  
PrOpaga（ion．For each decision variableinILOG SoIYCr the  

domain ofthe feasible values aTe StOred．ILOG SoIYer reduccs  

the domains on－the fly and thus rapidly reduces the  
COmbina（0rialexplosion and avoids signincant computational  
loads．Whenyoureducethedomainofadecisionvariable，yOu  
refine（heinformalion known about（his decision variable．  

ILOG SoIYCr uSeS thisinfomation to deduce newinformation  
about the remalnlng decision variables．Thisis cal1ed  
propagalion．   

The adYanlage of uslng COnStraint programmlng for column  
generationispr？pagation・AstripsaTeaddcdto＆duty．thali＄，  
aselementsofthedu（yareinstantiated．（hedomainof（hco（hcr  

elemen（S Of the du（ylS reduced．For examPle，iflhc－firs（  

elemen（Of（heldu（yisinstantiated（OnipAandnipAcanonly  
COnn∝t10mp B血en山e domain oflhe second elementis  
rcducedtoThp B．Thisefftc（wiuripple●through．Thus，the  
PrOPaga（ionwi11rcdu甲（hcamOun（Ofbacktrackingrequiredand  

canm正ethcscarchalgorilhmsignificintlymoreefncient．   

TheotheradYantageOfILOGSoIveristhati（isYeryeaSy（Oadd  
COnStrain（StOlhealgorithm．Hardcodingthcconsb・aintscanbc  
（imeconsumlngandthusnotsuitablefordevelopingsystemsin  
anindus山al紀Itlng．   

Inthisprq】eC（．anexpre◆ssionfbrthereducedcostofacolumn，  
uslng（hedualYariables丘omtherelaxcdLPsoIYedpreviously，  
WaSbuilt弧d血enacons吐血ntwaspostedthallCq血ed也ata11  
COlumnsgenera（ed shouldhavenega（ivereducedcost．Thus，  
thisenstuesthatthecolumnsgenera（edalwayshadanegatiJe  
redudedcost．   

AstheopLimaloftherelaxed LPcanbe什actidnal（thatis，（he  

Valueofズとanbe打aclional），ilwasmecess訂ytOCむTyOuta  

branChandbound（00btaintheophmalintegersolution．Asthe  
S（andardbranchingtechniqueisinefficientinLhisffamework．the  
branchingru1e deYeloped by Ryanand Fos（er（See Vance et  
1997，for more de（ai1s）was used here．h thislme（hod，the  

braLIChing wascarriedoutby selectins（WO b’JPSOn fractional  
COlumnandLhenrequlrlngthai（hetwotrlPSShouldalwaysbe  
10ge（herinonebranch．Andin（heotherbranchlherestric（ion  

islhat these（WO trips caAnO（be together．This・（ype of  
C？nStraintscanbeeasilypostedinILOGSoIver・   

ConclⅧ威on   

Fromlhis prqjcct，itis appaTin（that（he－combination of  
COnStraint programmlng aJldlinear prograJnmlng PrOYide a  
POWerfultoolfof rapidly building complex crew scheduling  
SyStemS．h（he deYelopment of sof（WaEdfor theindusけy，山e  
developerSgeneral1yface（igh（deadlines．hsuchsituations，tOOIs  
like ILOG Solver and CPLEX provide the ability to rapidly 
prototypeanddevelopapplications．   
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