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TwoA皿gorithmsforCompu七ingPoweT   
IndicesofAllPlayersE侃ciently  

TakeakiUNO＊   

Abstract：FbrawcightcdmaJOritygamcwithnpl町erS，SeVCralpowcrindiceshaveb（1Cn  

pl‘・OpOSO（1・Twoillparticular，the Banzhafindex and the Shapley－Shubikilldcx arc well  

Studic（1・Two（lyrlarrlicprogramrnlngalgorithmshadbecnproposcdfbrcomputingthecxact、  

valucsoftlh（，SCin（licesofaplayerinO（nq）timc，andO（n2q）time・HerenistllePumt）erOf  

playcrs，andqistl－C（ll10te・Inthispaper，WeprOpOSCtWOalgoritllmStbrc爪ci（汀1tlycorrlputing  

tlhcsciIl（liceshrallplayers苧imultaneously・Otlralgorithrnsareobtainedbymodifyingthose  

dyrlalTlicprograr”nillgalgorithm・OuralgorithmsruninO（nq）timc，an（10（n2qlogn）time，  

tlmsouralgorithmsarcfastcrthanexistingalgorithms．  

1 耳ntroduc七iom   

Lc†・（1，．．．，1L†bcasctofplayers，amd（wi）bethewcightofpi．Considcrawei〃hfedmqiority  

〝ameinwlli（：h・u）iis・thcwcightofthcvoteofplayers．Fbrcachproposal，eaChl）layervotcs  

”v（！S”or”l10”．Ifthesumofthcweightsofthe”yes”votesis‘1argerthansolllCC（）nStant  

q，ther）theprol）OSalisaccepted．Constantqiscalleda quote．Eachplayerhasadistinct  

WCight・1brhisvote，tlleSOthecffbctofcachplayeronthevotingisdi鮎r（！nt．Anindcxis  

IleC（ledtoindicatcthciI）tenSityofthcsecfhcts．   

PowcriIl（1iccsarecollSidcredfromtheabovercason・Especia11y，theBanzhafirldex（Bz  

illdcx）andtheShapley－Shubikindcx（SSindex）al・eWellstudied．Thesein（1iccsar（モdc6ncd  

as払1lows・AcoaLitionisasubsct（pl，…，Pk）Qfthcl）l町CrSet・FbracoalitionC，ifitsweight  

lL）（C）＝∑i∈CWiislargerthanq，thenCissaidtobeu）innin9・OthcfwiscCissaidtol）C  

Josin9・LetBit）et・hcn111nberofwinningcoalitionsCsu（’：hthati∈CandC＼（i）islosi11g．  

Wed（端neSitObethcnumbcrofpcrlnutatioIISP＝（pl，…，Pn）satisfyingthat（pl，．．．，2）k）is  

willrli11g，and（pl，…，PkTl）islose，Wherepk＝i．BiandSiCanbeconsidcredtobcill（liccs，  

l）C（：auSeifcithcrislarge，WeCanCOnSidertlhepowcrofplayeritobestrong．Ftonlthis  

Observation，theBzindexofplayeriisd菰neda岳Bi／2n，andthcSSindexofplayel・iis  

（1e丘nedas筑／れ！．  

In gencral，thcse twoindices arc difRcult tocomputeexactlyiftlle nurnbcr ofplayel・S  

islarge，becauseaIlaivealgorithmtakesO（2n）timetocomputetheBzindcx，an（10（n！）   
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timetocornputctheSSLindex・Ifalltheweightsofthe playcrsareinteger，thbseindices  

arecomputedinshorttimebydynamicprogramming（DP）algorithms［1，2］．Foraplayer，  

TheytakeO（nq）timetocornputetheBzindex，andO（n2q）timetocomputetheSSindex・  

Thesealgorithrnsareconsiderablyfasterthanthenaivealgorithmifnislarge．   

Bytheway，howlongdoesittaketoobtaintheseindicesforallplayersby uslngthese  

algorithms？TheseDPalgoritrtmstakd10（n2q）time・払rtheBzindcx，andO（n3q）timefbr  

thcSSindex．DPssoIvedtoobtaintheindicesarealmostsame，inwhichonlyoneplayer  

di鮎rs．They thus mqylnCluderrianyunnecessaryoperationsこIn thispaper，WeprOPOSe  

twoalgorithmsbrcomputingtheBzandtheSSindicesbrallplayerssimultaneously．Each  

rcmovcsunnecessaryoperationsfromthenaivecomp11tation．Inthenextsection，Wedescribe  

theDPalgorithmfbrcoInputingtheBzindex，andourmoreefhcientversion．Inthethir（1  

SeCtion，WedescribetheDPalgorithmfbrcomputingtheSSindex，andourmoreefhcient  

VerSlOn．  

2 ComputingBanzhafIndex  

In thissection，Wefirst describe thc algorithmfbr computing the Bzindex by soIving a  

dy11amicprogramming（DP）．Without 

indexofplayern・Letdk（j）bpthenumberofcoalitiorlSC⊂（1，・・，k†satisfyingw（c）＝j・  

Fo；k＝0，Wedefin9’d。（0）＝1，anddo（j）＝Obranyj≠0・Asaresult，dkSatisfiesthe  

bllowlngequationifk＞0．  

宛（ブ）＝dた－1（J）＋dた－1（J⊥ぴた）  

Wedefinedk（j）＝0’ifj＜0・Byu占ingthiscquation，dk（j）canbecomputedif・Wehave  

dkTl（j）bra110≧j≧q・IttakesO（q）time・BycomputiIlgdkfromlton，WeCanObtain  

dn－1inO（qn）time・NotethatPi＝∑3＝q－Wi．1dn－1（j）・   
By uslngthisidca，WC Can COnStruCt an algorithmbrcomputingthe Bzindex ofeach  

plqycr．Let e云（j）be the number ofcoalitionsC⊂（k，…，n）gatisfying w（C）＝j．For  

k＝n＋1，Wedefineen＋1（0）＝1anden＋l（j）＝Ofbrailyj≠0・・Thep，ekSatis丘esthe  

bllowlngequationifk≦n．  

eた（J）＝靴．1（ 

Wedefi11eek（j）＝Oifj＜0；ekCanbecorTlpute（liムthe甲立mewayasdk．   

By uslng dk and ek，We COInPute the Bzindex fbrplayeri．Biis e（lualto the number  

QfcoalitionsC⊂（i，…，i－1，i＋1，…，n）with q－rWi＜w（C）≦q・AnycoalitionC∈  

（i，…，i－1，i＋1，■…，n）isequaltoClUC2SuChthatC．⊂（i，．．．：i－1）laIl（lC2⊂（i＋1，…，n）．  

Biisthcre払rethenumbcr 

ThcnumberofsuchpairsofClandC2CanbecorrlPutedbyusingdkandek．Fbraconstant  

l，a：pairofcoalitionsCl⊂（i，．．．，i－1） 
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condition  

ヴー叫＜∽（ClUC2）≦q  

ifq－Wi－1＜w（C2）≦q・－l．Thenumberofcoalitionssatisfyingtheconditionis   

9－‘           βi＝琉－1（け× ∑ e山（ル  
J＝q－ト叫＋1   

VVc thus have  

βi＝ q9－J           ∑dト1（g）× ∑ e叫（外  
書＝O J＝中一ト叫＋1  

rIbcompute∑言弐＿，＿W．．1ei＋1（j），Wedefine草k（h）＝∑2＝。ek（j），fromwhichwehave  

q－J         ∑ e打」（J）＝み吊（q－り－みH（q－ト叫）  

J＝q－ト叫＋1   

and  
9  

βi＝∑軋l（り×（z仙（q－g卜z机（q－J 
J＝O  

SincewccanCOmputeZkfromekinO（q）time・WeCanCOmputeBiinO（q）timQ・There払re，  

wecancomputetheBzindex払ra11playcrsinO（nq）timc．  

3 ComputingShapley－Shubikindex  

In’thisscction，WedescribeadynamicprogrammlnguSedtocomputetheSSindex，andour  

algorithmfbrcomputingtheSSindexbrallplayers・Letd是（j）bethenumberofcoalitions  

Csuchthatw（C）＝jandlCl＝S・Fork＝0，Weqefined是（j）＝1ifj＝Oands＝0，  

otherwised是（j）＝0・FbracoalitionC，lCl！×（n－1－lCl）！isthenumberofT），6rmutations  
of（pl，．．．，Pn）satisfying（pl，…，Pk）＝C；Pk＝i．SiisthusthesurnoflC［！×（n－1－（CJ）！  
OVerallcoalitionCsatisfyingq－Wi＜w（C）≦q．Therefbre，We．have   

I19         ぶ壷＝∑lq！×（れ－トICl）！× ∑ d芸（J）・  
＝l  J＝サー叫＋1   

Ⅵ毎canalsocomp11ted是（j）bysolvingaDP，Sinced是SatisGesthehllowingcondition・  

d是（ノ）＝d是＿1（J）＋d是二！（ゴー祝症）  

We（le餌ed是（j） 

totheprevioussection．SinceatmostO（nq）iterationsoccur’ineachphaseoftheDP，thc  

totaltimeoftheDPisO（n2q）．   

Next，WCdescribeawaytocomputetheSSindexbrallplayerssin’1ultaneously．Theway  

de弓Cribedintheprevioussectiondoesnotworkwe11払rtheSSindex，Sincetimetocompute  

aSSil1dexisO（n2q）foraplaycr．．Inouralgorithm，Wethususeanotherwaytocompute・Tb  
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SOIvetheproblemofcomputingthcSSindexfbralltheplqyers，Wedividetheprobleminto  

twosubproblemsan（1soIvesthesubproblemsrecursively．ThealgorithmlnputSdoandthc  

SequenCeOfplayers（1，・・・，n）・・LetnlbeLn／2 

time・Itthengeneratesarecursivc’calltocomputeSSindexfbrplayers（n’＋1，・・・，n）・The  

recursivecallinputsdnIaSdoand（n’＋1，・・・，n）asthesequenceo丹Iayers・Aftercomputing  

theSSindex・brplayers（nl＋1，…，n），thealgorithmchangesthe苧equenCeOfplayersfrom  

（1，・・・，n）ヤ0（n，・・・，1）b王resettingth6playerweights：Wl＝Wn，W2＝Wn－1∴wn＝Wl・It  

thencomputesd…′bysoIvingaDPiI10（（n一叩′）q）time，andgenerよtesar6cursivecall  

tocomputetheSSindex払rplaγerS（1，…，nl）・Therecursivecallinputsdn－nlaSdoand  

（nl＋1，…，n）asth？SequenCeOfplay占rs・   

ThetimccomplexityofthealgorithmisanalyzedinthesamewayastheanalyzlngWay  

Ofamergesort．Wecanseethatthe’depthoftherecursionisO（logn），and 

computAtiontimeoftheiteratiopsinthcsamedepthofthereムursionisO（nq）．Hencewe  

ObtainthatthealgorithmterminatesinO（Ttqlogn）time・  
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