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1. Introduction

Data Envelopment Analyss(DEA) has been widely
applied to the efficiency measurement of many
decisional entities in public and private sectors. In
the previous DEA studies, this research finds many
DEA research efforts on Returns To Scale(RTS).
Comparing these previous studies, this article findsa
research need to explore a theoretical linkage, or
so-called “ duality,” between production-based and
cost-based DEARTS measurements, focusing
uppon when multiple solutions occur on RTS and
how to deal with such a difficulty.

2. DEA formulation

To describe the analytical structure of DEARTS
measurement, this study first assumes that there are
n DMUs (Decison Making Units), whichisdenoted
by jeJ={jlj=12,..,n}. The production process of
each DMU is characterized by both an inputcolu-

T
mn vector X =(X{j,X2j.-..Xmj) >0 and an output

T
column vector Yj=(yjj,y2j-¥sj) >0. Under

these assumptions, DEA production analysis is
formulated by following models:

min 6
n
st. - lej)"j +9Xik 20, i=1, ., m
j=!
(N
n .
Z)’rﬂ», Zyrk, r= l, «s S
j=t
n
Z)\.J = 1,

|
ijOandGZO.

—-
1]

Here,variableslj(j=l,...,n) are used to make a
convex hull of inputs and outputs in these data

spaces. The optimal 8" scores of Model (1)
indicates the level of a production-based DEA
efficiency score. The efficiency score measured by
Model(l) is conventionally referred to as“ Technt
cal Efficiency(TE)” in production economics.
Besides the input and output vectors used for
production analysis, this study assumes that we can

access an input price vector Pj =(p(j,p2j---»Pmj)-

Under such an additional assumption, we can also
formulate DEA cost analyss. After obtaining the
cost minimum, the level of cost-based

efficiency(ny) of the k" DMU is determined by
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The efficiency is determined by the ratio of the cost
minimum to the obserwed cost. This type of effici
ency is referred to as “ Overall Efficiency (OE)” .
To extend (1) further into the RTS measurement,
this study needs to document its dual formulation
that is mathematically expressed by Model (2).
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The dual variable o (= 6| —067) corresponds to the

intercept of a supporting hyperplane on the k"
DMU.

3. Optimal Condifions
Optimal conditions between (1) and (2) can be
summarized in the following manner:
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(b)dix*v?=0, d;‘*+vr>0,i= l,..,m,
(©) d¥*w:=0, d¥*+w:>0,r= l,...,s,and  (3)
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4. Charaderization of a Supporting Hyperplane
Three types of RTS are determined by examining a
sign of the intercept (o) of a supporting
hyperplanes. Hence, before discussing RTS, this
study needs to characterize a mathmatical structure
of the supporting hyperplanes.

Propostion 1: A production-based supporting
hyperplane on the k" DMU is mathematically
expre$ed by ,
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where, the parameter o (=0} —09) indicates the
intercept of the supporting hyperplané.

Proposition 2:°A cost-based supporting hyperplane
on the k' DMU is mathematically expressed by

c= Zwryr+01-02 (5)
r=I|
where, the parameter "o (= 0] — 67) indicates the
intercept of the supporting hyperplane.

5. An Occurrence of Multiple Solutions

Multiple solutions may occur on the intercept (o)
_of a supporting hyperplanes. The occurrence of

such multiple solutions (multiple RTS) in produc-

tion-based DEA/RTS measurement can be mathe-

matically characterized by the following condition:

Proposgtion 3: After we measure the efficiency of
the k" DMU, using Model (1) , we compute the
following numbers;

#(Rk) = the number of {_] | Xj >0,j=1, .., n},
#(DY) = the number of {i X" >0,i=1, ., m} and
#(D ) = the number of {r | dy >0, r=1, }

Let o =m +s—#(Dk)f#(Di)—#(Rk),

(a) iIf ag >0, then (4) has an infinite number of
optimal solutions,

(b) if o =0,then (4) hasauniqueoptimal solution,

(c) oy is never negative.

The occurrence of multiple RTS in cost-based
DEA/RTS measurement can be characterized by the
following condition: :

Proposition 4: After we measure the OEy of the k"
DMU, we compute #(Ry) and #(D}).
Let By =s+1-#(D{)-#(R),

(a) if Bk >0, then (5) has an infinite number of
optimal solutions,

(b) if Bk =0,then (5) hasauniqueoptimal solution,

(c) By is never negative.

6. How to Deal with Multiple Solution

Returning to Model(2), this research estimates the
upper and lower bounds of ¢ by the following
formulation:
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An important feature of above model is that it

incorparates the level of TEV(O’{/) into (6). IE
indicates a group of inefficient DMUs. For cost-
based DEA/RTS measurement, we incorporate the

cost minimum (ct) into the right hand side of

D Wryrj+0] =07 in (6).
r=|

7. RTS Determination

Let 6*(= GT éc;) be the optimal objective of the
maximization problem of (6) and ¢ be that of its
minimization. Then, the production (input)-based
RTS estimate can be classified into the following
three cases:

(a) IRTS ¢3 6* >0, (b) CRTS &> & 202¢", or

(c)DRTS & 0>5 " (7

The above three cases(7) describe a mathematical
description on the three types of RTS.

8. Conclusion

This study analytically characterlzes a supporting
hyperplane on areference set that is measured under
variable RTS technology and then proposes an
arithmetric method to find an occurrence of
multiple RTS solutions.This article also documents
how to deal with such a difficulty. Besides, this
article describes the dual relation on scale
efficiencies and that of scaleeconomies providing a
theoretical linkage between production-based and
cost-based RTS measurements.





