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When the design F consists oftwo－1evel  

c？1umns，X2（F）isequivalenttdtheav占r－  
age squaredinnerproducts off defined  

by由00thandCox【1］．   

Thelinearsubspace（a！∈R鱒llT‘p＝Ol  

isdenotedbyH・Foranyvectorld∈巧，  

wedenoted－（1／p）1by扇．Foranycolumn  

M∈Jun，Wedenotethevectorset（ald∈  

〟）by万．   

ClearlyfromtheLdefinition，Wehavethe  

払1lowlng．  

LemmalFbranypair（M，M／）∈Ju芸×Ju芸′，  

x2（叫叫＝（p紳）云∑〈綿〉2・  
d∈〟d‘∈〟・  

3・OrthogonalI！esins   

When a miⅩedleveldesign F ＝  
（Ml，M2，．．．，Mq）satisfiestheconditions  

thatl≦∀r＜∀β≦9，ズ2（〟r，〟り＝0，  

wesaythatFis ortho90nal．Anorthogo－  

naldesignF＝（Ml，M2，…，Mq）satisfy－  

1．Introductiom  

In this．paper，We COnSidermiⅩedlevel  

super＄aturateddesignswhichareOptimal  

withrespecttotheaveragex2statisticcri－  

terionofYamada，Linand Yausnari［3］．  

W占prot）OSealoYerboundoftheaverage  
x2statisticofadesignandshowaproperty  

Whichindicates a 

Optimaldesigns．   

Ourresults areextensionsofthatinthe  

paper［2】byTangandWu 
PerSaturateddesigns．  

2．Notations and De負nitions   

Throughout this paper，We COnSider  

mixedlevelsupersaturateddesignswithn  

runS．FbranyS⊆Rn，Spn（S）denotesthe  

linearsubspacespannedbyS．Theinner  

productoftwoγeCtOrSdandd／aredenoted  

by（d，♂〉．   
W占definethefo1lowlngfamilies：  

p芸≡（d∈（0，1）れIdl＋…＋dれ＝n／p）  

〟芸≡（（dl，・，‥，屯）⊆巧はぎ＝1dr＝1）  

．似れ≡ル愕∪ル愕∪…∪〟琵・  

AnyelementMin＾Jniscal1edacolumn  

andp（M）denotestheintegerpsatisfying  
M∈◆・u芸・Amultisetofcolumn＄iscalled  

よ（m李x占d 

colums（底〟′）∈〟芸×〟芸†，X2（叫岬）  
denotesthevalu占  

££′（（d，d′卜孟）ソ（計  
fbr弧y－desi卯・J＝（〟1，〟2，…，〟り，  

x2（ア）≡∑（x2（〟r，〟8）11≦r＜j≦9）・  

丸か 申）  ingdim（  〟1∪〟2∪‥・U   ＝m－1is  

call占d訂1卯塊叩0花αJみαje．   

Thefo11pwlng．theoremprovides anup－  

Perboundofthe叩mberofcolumnsofan  
Orthogonaldesign・  

Theoreml′AnyorthogonaldesignF＝  
（Ml，M竺，…，Mq）sチtisfiestheinequality  

I  

9  

∑（ァ（〟r）－1）≦，m十  
r＝1  

proムf・・nOmtheefi？it｝？T・；：S6n（F） 

H・Whenr≠s，theoTthogonaIityimpliFS  

thよヰ（扉）⊥s可扉トThヤ，W？ヤe  
thein．equality．／／ 
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When aglVen designisanOrthogonal  

base，then the ab6velequality holds．A  

miⅩedleveldesignwhich扇01atestheabove 
formulaiscal1edasupersaiuraieddesign・  

4．Lower Bound Theorem   

Thefo1lowlng theorem glVeS alower  

boundoftheaveragex2statistic・  

Theorem2Anydesignf＝（Ml，．．．，Mq）  

Satis鮎s x2（ア）≧（1／2）中一1）m（m－1）  

Wher…＝（∑≡＝1（p（〟り－1））／（和一1）．  

Outlineofaproof．Foranyindexr，Wede－  

attains thelower bound obtainedin the  

previoussection：  

Lemma21FbranycolumnM∈Jun，eVery  

vectorf∈spn（W）satisfies  

∑〈射〉扇＝蒜′・      d∈〃   

IJemma3Fbranyorthogonalbasef＝  

（Ml，M2，‥．Mq），eVeryCOlumnM∈Jun  

satisfies the equality 

9  

∑x2（叫〟γ）＝m（p（〟）－1）．  
r＝1   

Theorem 3 Let f be a design and  

（Jl，ろ，…，7L）aIpartitionoffsuchtha．t  

each member of the pa・rtitionis an or－  

thogonalbase・Thenweha・Vetheequality  

x2（ア）＝（1／2）m（m－1）γ（〃－1）．   

Abovetheoremindicatesthatwecanob＿  

tainax2－OPtimalmiⅩedlevelsupersa・tu－  

rateddesignbymerglngOrthogonalbases・   

Thisresearchowesmuchtothethought－  

fu1andhelpfu1commentsofShuYamada．  

notep（Mr）byp，，Mrby（d；，d；，…，d；，）  
andpl＋‥・＋pqbyp＊・LetXbeannXP＊  

matrix defined by X＝［Xl，X2，…，Xq］  

whereズr＝レ冗軍，瀦，…，席可・  
W占denotethepositivesemidefinitematrix  

XtXbyYandtheorderedeigenvaluesofY  

by入1≧Å2≧…≧入p・≧0・Sincetherank  
OfYislessthanorequalton－1．wehave  

入れ＝入叫1一     －…＝ 入p・＝0・   

SinceYissymmetric，Wehave  

入箸＋入…＋…＋入ま＿1＝tr（yfy）   

＝2m∑1≦r＜β≦9X2（〟r，〟り＋m2ひ（和一1）   

＝2nx2（ア）＋n2γ（和一1）．  

Alowerboundof入…＋…＋入ま＿11SOb－  

tainedastheoptimalvalueoftheconvex  

quadraticprogrammlngprOblem；  

QP：m九 人…＋入…＋…＋入三＿1  

S・t・ 入1＋入2＋…＋入れ－1＝tr（y）．  

Definition of Yimplies that tr（Y）＝  

∑≡＝1n（p，－1）＝nV（n－1）．Theoptimal  

ValueofQPisequalto（nv）2（n－1）．The  

above resultsimply the desiredinequal－  

ity．／／   

5・l2－OptimalS11perSaturatedDesillS   

Lastly†We COnSider the properties of  
mixedlevelsupersaturated designswhich  
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