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1. Introduction

In this paper, we consider mixed level
supersaturated designs which are optimal
with respect to the average x? statistic cri-

“terion of Yamada, Lin and Yausnari [3].
~ We propose a lower bound of the average
x? statistic of a design and show a property
~ which indicates a construction method of
optimal designs.

Our results are extensions of that in the
paper [2] by Tang and Wu on two-level su-

persaturated designs.

2. Notaﬁons and Definitions

Throughout this paper, we consider
mixed level supersaturated designs with n
runs. For any S C R™, spn(S) denotes the
linear subspace spanned by S. The inner
product of two vectors d and d' are denoted
by (d,d’).
We define the following families:

Dy ={d € {0,1}" | di + - +dn = n/p}

= {{dy,...,d,} C D} | 7.1 d, =1}
M= MTUMEU--- UM
Any element M in M™ is called a column
and p(M) denotes the integer p satisfying
M € MZ. A multiset of columns is called
a (mzzed level) design. For any pair of
columns (M, M’) € MZ x M%, x}(M, M)

denotes the value

5 (eo-5) /()

demd' em
For any design F = {M',M?,...,M%},
X(F) =AM, M) |1 <r<s< gl

columns,

When the design F consists of two—lé\_/el
x*(F) is equivalent to the aver-

" age squared inner products of F defined

by Booth and Cox [1]. ,

The linear subspace {# € R" | 172 = 0}
is denoted by H. For any vector d € Dy,
we denote d—(1/p)1 by d. For any column
M € M", we denote the vectorset {d | d €
M} by M.

Clearly from the definition, we have the

following.

Lemma 1 For any pair (M, M') € My x M7,

— =\ 2

(MM = (pp/n) S Y (dd) .
demd' em

3. Orthogonal Designs

When a mixed level design F =
{M',M?,...,M?} satisfies the conditions
that 1 < Vr < Vs < q, x}(M™,M?) = 0,
we say that F is orthogonal. An orthogo-
nal design F = {M*, M?,..., M7} satisfy-
ing dim(FU_J\/TEU---UW) =n-—11is
called an orthogonal base. '

The following theorem provides an up-
per bound of the number of columns of an

orthogonal design.

Theorem 1 Any orthogonal design F =
{M*',M?,..., M7} satisfies the inequality

Z(p(M’) - 1) <n- 1

r=1

Proof. ‘From the definition, 'spn (—W) C
H. When r # s, the orthogonahty implies

that spn (M ’) 1 spn (M ’) Thus we have_
the 1nequa,hty / /

— 148 —



When a given design is an orthogonal
base, then the above equality holds. A
mixed level design which violates the above:
formula is called a supersaturated design.

4. Lower Bound Theorem

The following theorem gives a lower
bound of the average x? statistic.

Theorem 2 Any design F = {M!,...,M%}

satisfies x*(F) > (1/2)v(v — 1)n(n — 1)
where v = (S0 (p(M") — 1))/(n — 1).

Outline of a proof. For any index r, we de-
note p(M") by p,, M" by {d},dy,...,d; }
and p; +- -+ p, by p*. Let X be an n x p*
matrix defined by X = [X,X,,...,X,]

where X, = [/p.d}, \/ETJ-;,...,\/IT,d_;r].

We denote the positive semidefinite matrix
X'X by Y and the ordered eigenvalues of Y’
by Ay > Az > -+ > Ape > 0. Since the rank
of Y is less than or equal to n — 1. we have
Apn = App1 == Ao =0,
Since Y is symmetric, we have
M+ A+ + 22 =tr(Y?Y)
= 2n T1<res<q X3(M™, M*) + n?v(n — 1)
= 2nx*(F) + n®v(n - 1).
A lower bound of A2 + ... + A\2_, is ob-
tained as the optimal value of the convex

quadratic programming problem;
QP:min, A2 424 402

s.t. Al + A2 + oo + An—-l = tr(Y)
Definition of Y implies that tr(Y) =
Yi=1n(pr — 1) = nv(n — 1). The optimal
value of QP is equal to (nv)*(n — 1). The

above results imply the desired inequal-

ity.//

5. x’-Optimal Supersaturated Designs

Lastly, we consider the properties of
mixed level supersaturated designs which

attains the lower bound obtained in the
previous section. - )

Lemma 2 For any column M € M", every
vector f € spn (H) satisfies

%{(E,f}d: an

Lemma 3 For any orthogonal base F =
{M* M?* ...M%}, every column M € M™
satisfies the equality

g
Zl X*(M, M") = n(p(M) - 1).
Theorem 3 Let F be a design and
{F,F2...,F,} apartition of F such that
each member of the partition is an or-
thogonal base. Then we have the equality

X2(F) = (1/2)n(n = Dv(v — 1).

Above theorem indicates that we can ob-
tain a x2-optimal mixed level super satu-
rated design by merging orthogonal bases.

This research owes much to the thought-
ful and helpful comments of Shu Yamada.
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