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rootedatr・Fbravertexv∈V－（r），，1etpartmt（v）  

denotetheparentofv，andC（v）thesetofchildren  

Ofv・Whenwewriteaned巨ee＝（u，V），uisassumed  
to aparent ofv．FbranyV∈V，1et7L denotethe  
Subtreerootedatv，andw（TL）andD（IL）denotethe  
SumOfweightsofedge5in7L，andthesumofdemands  
Ofcustomersin7l，，reSpeCtively．Sincecustomersare  
locatedonvertices，CuStOmerSareOftenidentifiedwith  
vertices．   
SupposethatwearegivenasetS⊂V－（r）with  
∑v∈SD（v）≦1・Thenonevehicleisenoughtoserveall  

thedemandsofcustomersinS，andanoptimaltourfor  
Scanbetriviallyobtainedbyfirstcomputingamini－  
malsubtreeTlthatspansSu（r）andbyperforming  
adepth－firstsearchwithrasthestartingvertex．   
AsolutionofTREE－CVRPconsistsofasetoftours．  
Wecanrepresentthetourofthej－thvehicleby  

（βメ（γ）tγ∈ち），  （1）  

Whereちisthesetofcustomersforwhichsomepositive  
demandsareservedinthej－thtour，andDj（v）（＞0）  

brv∈ちistheamountofdemandtha，tthej－thve－  

hicleservesatv．ThetotaltourlengthsofaInOptimal  
SOlutionfor TREE－CVRPis often referred to as the  
叩f窟mαgC朋f．   

Fbranedgee＝（u，V），let  

エβ（e）＝2ひ（e）イβ（㌫）1・  （2）  
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1 Introduction 

Inthispaperweconsideracapacitatedvehiclerouting  
problemonatree－Shapednetworkwithaslngledepot．  
LetT＝（隼E）beatree，WhereVisasetofnvertices  
andEisasetofedges，andr∈Vbeadesignatedver－  

texcalledd甲Ot．Nonnegativeweightw（e）isassociated  
Witheachedgee∈E，Whichrepresentsthelengthof  
e．Customersarelocatedatverticesofthetree，anda  
CuStOmeratV∈Vhasapositivedema・ndD（v）．Thus，  

Whenthereisnocustomeratv，D（v）＝Oisa5Sumed．  
Demandsofcustomersareservedbyasetofidentical  
Vehicleswithlimitedcapa・City．Itisassumedthatthe  
CapaCityofeveryvehicleisequaltoone，andthatthe  
demandofacustomerissplittable，i．e．，itcanbeserved  
bymorethanonevehicle．Eachvehiclestartsatthe  
depot，Visitsasubsetofcustomersto（partial1y）serve  
theirdemandsandreturnstothedepotwithotltViolat－  
1ngthecapacityconstraint．Theproblemaskstofind  
asetoftoursofvehicleswithminimumtotallengths  
tosatisfya11thedemandsofcustomers．Weca11this  
problemTREE－CVRP．   
Vehicle routing problems havelong been studied  
bymanyreSearChers（see【2，4】forasurvey），andare  
foundinvario喝applications．Recently，AGVandma－  
terialhandlingrobotsareoftenusedinmanufacturing  
SyStemS，but alsoinofBces andhospitals，inorderto  
reducethematerialhandlingef払rts．Thetree－Shaped  
networkcanbetypicallyfoundinbuildingswithsimple  
StruCtureSOfcorridorsandinsimpleproductionlines  
offactories．  
編昌chedulingproblemsontree－Shapednetworks手B（e）rep！eSentPaloyerboun90fth？CPStfequired  

brtraverslngedgeeinanOptimalsolution because，  
due to the unit capacity ofavehicle，the number of  
VehiclesrequiredforaInySOlutiontoservethedemands  
in7T，isatleaSt「D（7l，）landeachsuchvehiclepasses  

eatleasttwice（oneisinaforwarddirectionandthe  
Otherisinabackwarddirection）．Thus，Wehavethe  
fo1lowlnglemma．  

Lemmal∑e∈gエβ（e）タ血βαわびerあ仙れd扉がほ叩－  

f盲mαJcoβ£げmββ一Cl／児P．   

3 Algorithm  

Avertexム∈V、isca11edD－JbasibleifD（7L）≧1and  

is called D－minimalifitis D－fbasiblebut anyofits  
Childrepisnot・Theproposedalgorithmfirstfindsa  
D－minmalvertex，anddeterminesaroutingofoneor  
two vehicles that pa・rtial1y serve demands ofvertices  
in7L by applyingStrategylor2dependingon the  
CaSeS aSWillbe described below．We then－apprOpri－  
atelyupdatetheremalnlngdemandsofverticesvisited  
by the routingcurrently determined．In addition，if  
therema・1nlngdema・ndofsubtree7l，becomeszero，Tl，  

as wellas theedge（parent（v），1））is deleted．Inthis  

SeCtion，Weabusethenota・tionsD（v）andD（7L）tode－  
notetheremainlngdema・ndsofvertexvorsubtree71り  
respectivelv unless confusion occurs．Wb repeat this  
processllntilallth6dcmands’ofTa・reSerVed．Notice  

haverecentlybeenstudiedbyseverala・uthors【1，3，7］．  
However，TREE－CVRPhasnotbeenstudiedinthelit－  
erature．WefirstshowthatitisstronglyNP－COmplete．   
Wbthenturnourattentiontoapproximationalgo－  
rithms．SinceTREE－CVRPisaspecialclassofgeneral  

CVRP，apprOXimationalgorithms払rCVRPongeneral  
undirectednetworksca・nbeused．Inparticular，theit－  
eratedtourpartitioning（ITP）heuristicpr9pOSedby［5】  

providesl＋（1一意）αapprOXimationfors11Chgeneral  
CaSeWhenα－apprOXimationalgorithmfbrTSPisavail－  
able，Wherethecapacityofeveryvehicleisassumedto  
beequaltokandthedemandofeverycustomerisa  
positiveinteger・Fbr tree－Shaped networks，TSP can  
beoptima11ysoIvedinastraightforwardmanner，and  

thuswehavea（2一書）－apprOXimationalgorithm・   
In this paper，We Shal1present animprovedl．5－  
チpprOXimationalgorithmforTREE－CVRPbyexploit－  
1ngthetreestruCtureOfthenetwork．Wehaveimple－  
mentedouralgorithmand、carri占doutcomputational  

experimentstoseehowe鮎ctiveouralgorithmis．Iwas  
Shownthatthesolutionsobtainedbyoura・lgorithmare  
VeryClosetooptimal［6］・  、  

2 

FbrverticesてL；V∈V，letpath（u，V）betheuniduepath  
betweenuandv．Thelengthofpath（7i，V）■isdenoted  
byw（path（u，V））．WeoftenviewTasa・directedtree  
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Subgraph）willbecouptedtwice？rmOreaS（6）・Fbr  
theeaseoftheanaly軸Ofapproxlmationratioofthe  
proposedalgorithm，WeamOrtizethethecosttovisit  
7L，inthecurrentroundsothatitischargedtoTL．・  
Sincew（7Ll）≧w（7L，），thecostof（6）isboundedftom  
aboveby  

21〟（卯肋（r，可）十4ぴ（nl）．  （7）  

Weconsider（7）asthecost．forStrategy2・  
Itshouldberemarked‘thatouralgorithIムchooses  
Strategylor2notbydirectlycomparlngthecostsof  
（4）and（7），butbythefo1lowi 

SelectionruleofStrategylor2：   
WeapplyStrategylif  

that，ifthereisnoβ－feasibleverfex（i・e・，D（TL）＜1）  
anymore，WeCanOptimal1yservetheremalnlnglde一 
mandsbyvisitingtherelevantVerticesinadepth一丘rst  
manner．   
Thealgorithmconsistsofanumberofapplications  
ofStrategy・lor2．OneapplicationofStrategylor2  
i白1cal1edarりund． 
When aJ｝minimalvertex visfound，We apply  
thefo1lowlngtWOStrategiesandchoosetheonewith  
cheapercost．Let・C（v）＝（vl，V2，・・・，Vp）・たomT・  
1≦∑v‘∈SD（TL‘）＜2・SinceD（TLi）＜1foral1  
vi∈C（v）丘omD－minimalityofv，SuChSalw叩SeXists  

andcanbeeasilycomputedasuた17L‘Satisfying  

た－1 た  

∑β（孔‘）＜1and∑β（n‘）≧1・  
i＝1 i＝1  

If∑た1D（T。i）＝1，WeSimplyallocateonevehicleto  
serveallthedemandsinU皇＝17Li・Thus，WeaSSume  
otherwise．Wecanassumek＝2withoutldssofgen－  
eralitybecauseotherwisewecanequlValentlymodify  

4ぴ（卯肋（γ，可）＋21〃（れ1）＋21〃（n2）  
2礼′（卯助（γ，可）＋21〃（孔1）＋21〃（n2）  

21〃（pα班（r，可）＋41〃（nl）  
（8）  

21〃（pα班（r，U））＋21〃（孔1）’   

andapplyStrategy20therwise・   

Therationalebehindthisselectionruleisasfo1lows：  
Since the amounts ofdemands as we11as the sets of  
CuStOmerSSerVedby Strategiesland2■aredi鮎rent  
ingeneral，itmaynotbefairtodirectlycompare（4）  

and（7），butitisreasonabletocomparethecostsof  

（4）and（7）dividedbythelowerboundsofthecoststo  
Optimallyexecutetheircorrespondingtasks・  

Theoreml耶Ie叩p叩ヱ豆mα知れ〆仙rα如r鵡mわr  
mEE－CVRPisl．5．（Theproofisomitted・）   
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孔  
Withthisassumption，thealgorithmconsiderssub－  
trees7LlandTL2Satisfying  

β（nl）＜1，β（n。）＜1andヱ）（孔1）＋β（れ。）＞1・  

（3）  

Thefirststrategy（Strategyl）preparestwovehiclesto  
SerVeal1thedemandsin7LlU孔。，Whilethesecond  

Strategy（Strategy2）prepareonevehicletopartial1y  
SerVethedemandsinTLlU7L2byuslngitsfu11capac－  
ity（thus，thedemandofsomevertexmaypossiblybe  
Split）．   

Strategyl：Wbprepareonevehiclefor7L．andan－  
OthervehicleforTL2tOSeparatelyservedemandsof7Ll  
and’孔2．Thecosttoservethesedemandsis  

41〃（卯肋（r，可）＋2t〟（孔1）＋21〃（n2）  （4）  

because two vehiclesrun On the pathpath（r，V）but  
eachofnlandTL，istraversedbyonlyone＿Vehicle・   

Strategy2：Wb assume w（7L1）≧1W（7L，）without  

lossofgenerality．WesplitthedemandD（u）ofevery  

u∈n2intoD’（u）andDll（u）sothat  

∑坤）＋∑β′（祝）＝1・  （5）  

V∈れ1  1J∈n2   

Wballocateonevehicletoservethesetofdemands  

（β（む）lひ∈nl）and（β′（祝）I祝∈n。）．  

ThecomputationofsuchDl（u）satisfying（5）isstraight－  

forward（thedetailsareomitted）・Noticethatthede－  
mandofatmostonevertexissplitbythisprocedure．  
ThecostrequiredforStrategy2isatmost  

21〃（pα班（γ，U））＋2ぴ（孔1）＋21〃（℃，。）・  （6）  

DemandsofsomeverticesinTL2remainunserved，and  
thus71，2（oritssubgraph）willbevisitedlaterbyother  

Vehicles・Thus，in totalthecost tovisit71，2（orits  
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