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1Introduction   

LetG＝（隼E）standforanundirectedmultigraphwith  

asetVofverticesandasetEofed9占s．Theconnectivity  

augmentationproblemhasbeenextensivelystudiedasan  

importantprobleminthenetworkdesignproblem．   

Thelocaledge－COnneCtivity入G（x，y）for two vertices  

X，y∈Vis defined to be the minimum size ofa cutin  

G thatseparatesェand y（i・e・，Xandybelongtodiqer－  

entsidesofXandV－X），Orequivalentlythemaximum  

numberofedge－di？jointpathbetween3；andybyMenger’s  

theorem［1】．Thelocalvertex－COnneCtivityrcG（x，y）fortwo  

Vertices3：，y∈Visdefinedtobethenumberofinternally－  

di？jointpathsbetweenェandyinG．Fora．glVeninteger  

k，WeCal1G k－ed9e－COnneCted（resp．，k－Verle3；－COnneCted）  

if入G（x，y）≧ k（resp．，ItG（x，y）≧ k）holds fbr every  

X，y∈V・Given amultigraph G＝（隼E）and aninte－  

gerk，theed9e－COnneClivilyau9mentationproblem，（resp・，  

thevertex－COnneCtivityaugmentationproblem）askstoaug－  

mentGbyaddingthesmallestnumberofnewedgessothat  

theresultinggraphGlbecomesk－edge－COnneCted（resp．，kT  

VerteX－COnneCted）・Recently，manyefRcientalgorithmsare  

developedforsoIvingtheedge－COnneCtivityaugmentation  

PrOblemand the vertex－COnneCtivity a11gmentation prob－  

1em．  

Inthispaper，WeCOnSidertheproblemofaugmentingthe  

edge－COnneCtivityand the vertex－COnneCtivity ofagiven  

graphGsimultaneouslybyaddingthesmal1estnumberof  

newedges・FbrtwoglVenintegerskande，WeSaythatG  

is（k，e）－COnneCtedifGis k－edge－COnneCted and e－VerteX－  

COnneCted．GivenamultigraphG＝（隼E），andtwoin－  

tegersk，e，theed9e－andverte：r－COnneCtivityau9mentation  

PrOblem，denoted byEVAP（k，e），aSks toaugment G by  

addingthesmal1estnumberofnewedgestoGsothatthe  

resultinggraphG’becomes（k，e）－COnneCted・Recently，it  

isshownin［2】thatEVAP（k，2）canbesoIvedinpolyno－  

mialtimefor a．ninteger k．In this paper，We Show that  

EVAP（4，3）canbesoIvedinpolynomialtime，iftheinput  

graphis2－VerteX－COnneCted．  

2 Definitions   

FbrasubsetVl⊂VinG，G－VIdenotesthesubgraph  

inducedbyV－1′l．ForanedgesetFwithFnE＝¢，We  

denoteG＝（t／1EuF）byG＋F．Anedgewithendvertices  

uand vis denoted by（u；v）．A partitionXl，…，Xt of  

VerteXSetVmeansafamilyofnonemptydi？jointsubsets  

OfV whose unionis V，and a subpartition ofV means  

apartitionofasubsetノOfV．Fbrtwodiqioint subsetsof  

Vertices X，Y⊂1／，We denote by EG（X，Y）the set of  

edges，OneOfwhoseend verticesisin X and theotheris  

inY，andalsodenotecG（X，Y）＝lEG（X，Y）l．A culis  

definedasasubsetXofl′with¢≠X≠V，andthesize  

OfacutXisdenotedbycG（X，V－X），Whichmayalsobe  

WrittenascG（X）．Acutwiththeminimumsizeiscalleda  

minimumcul，anditssize，denotedby入（G），iscalledthe  

ed9e－COnneCtivityofG・FbrasubsetXofV，（v∈V－Xl  

（u，V）∈Eforsomeu∈X）iscalledthenei9hborsetof  

X， 

COmpOnentSinG．AseparatorofGisdefinedasacutSof  

Vsuchthatp（G－S）＞p（G）holdsandnoS，⊂Shasthis  

property・IfGdoesnotcontainKn，thenaseparatorofthe  

minimumsizeiscalledaminimumseparator，anditssi2：e，  

denotedbyfC（G），iscal1edtheverter－COnneCtivityofG．IfG  

COntainsthecompletegraphK，L，Wedefinelく（G）＝n－1・If  

rc（G）＝2，thenwecallaminimumseparatorSaseparalin9  

pα汀inG．   

2．1 Edge－Splitting   

Weintroduce an operation of transformlng a graph，  

Cal1ed ed9e－SPlitting，Whichis helpfulto soIve the edge－  

COnneCtivityaugmentationproblem．   

Given a multigraph G ＝（11E），a designated ver－  

tex s ∈ V，Vertices u，V ∈ rG（s）（possibly u ＝ V）  

and a nonnegativeinteger∂ ≦ min（cG（s，u），CG（s，V）），  

We COnStruCt graph G’＝（1・T，E′）from G by deleting  

8edges from EG（s，u）and EG（s，V），reSPeCtively，and  

addingnew6edges toEG（u，V）：CGl（s，u）：＝CG（s，u）－  

∂，CG′（5，γ）：＝ C（；（β，U）－∂，CG′（叫ル）：＝CG（叫ル）＋∂，  

CG，（x，y）：＝CG（x，y）forallotherpairs：r，y∈V We say  

thatGlisobtainedfromGby呼Iittin9（s，u）and（s，V）by  

Size6，anddenotetheresultinggraphGIbyG／（u，V；6）・A  

SequenCeOfsplittingsiscompleteiftheresultinggraphG’  

doesnothaveanyneighborofs．  
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theresultinggra・phGl＝（Vu（s），EuFl）satisfies   

cc、（X）≧4foral1cutX⊂V，IrGl（Xus）L≧3for   

allcutズ⊂l′withV－ざ－rG．（ズ）≠臥  

StepII・（Edge－Splitting）：Wefind a complete edge－  

Splitting at sin GIWhich preserves the4－edge－  

connectivity，aCCOrding to Theorem2．1．Ignore the   

isolatedvertexsanddenotetheresultinggraphG2＝   

（1・1β∪薫）．   

IfG2isalso3－VerteX－COnneCted，thenwearedonebe－   

causeI矧＝ト和／2＝「＆（G）／21impliesthat G2is  

Optimallyaugmentedbylowerboundrα（G）／21・Oth－  

erwise，gOtOStepIII．   

StepIII．（Switching and Shifting edges）：Now G2  

hasseparatingpalrS．  

WerepeatswitchingorshiftingedgesinFBsothatthe  

resultinggraphGらsatisfiesthefo1lowlngprOperties：   

・the4edge－COnneCtivity， 

・KGら（£，y）≧3brallJ；y∈1′ⅥrithKG。（ェ，y）≧3・   

・P（G；－S）＜p（G2→S）forsome畠eparatingpairs・S．  

LetG3＝（1′1Eu蔦）betheresultinggraph，WhereF；  

denottsthe負nalFB．TheninG占，thereisnoseparat－   

ingpairSl，S2SuChthatSl・nS2＝臥   

IfG3hasnoseparatingpair，thenwearedone，Since   

lF；l＝「α（G）／2limplies thatrG3is optimally aug－  

mented．Otherwise，gOtOStepIV． 

StepIV・（Edgeaugmentation）：Nbwoneofthefbl－   

lowing（i）or（ii）satisfy：   

（i）WecaIlmakeG33－VerteX－COnneCtedbyaddinga  

SetElofβ（G）－「α（G）／2lnewedges，i．e．，Wearedone   

SincelF；l 

graphisoptimal1yaugmentedbylow甲。boun9β（G）・   

（ii）Theinputgraph（ゴcanbemade（4，3）－COnneted  

bya・ddingatmostfouredges．   

Tbeorem3．1凡rα2一眠rfeェーCO†もれeCねd 

Cα乃あe mαde（4，3）－COれ乃eCねdわyαdゐ叩7（G）＝maX（「  

α（G）／21，β（G））乃eひed卵βOrα亡moβ±わひr乃et〟ed卵5れ  

poJy乃OmねJf盲me．  ロ   
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Thefo1lowingtheoremisprovenbyMader［3］・  

Tbeorem2・1【3】エetG＝（町方）むeαm祝よ軸r叩九ひ軌α  

deβ如αfedveγteヱβ∈Ⅴび鵡cG（β）≠1，3αmd入c（ェ，y）≧2  

わrαiJpα豆rβ〇，y∈Ⅴ，爪印わrα叩e勾e（β，u）∈β〃ほγe  

盲βαれedge（β，γ）∈ββ鮎Cん伽士人G仙再）（ご，y）＝入G（〇，y）  

九0んねわrαJJpα盲rβJ，y∈Ⅴ一声．  ロ   

ThissaysthatifcG（s）iseven，therealwaysexistsacom－  

pletesplittingatssuchthattheresultinggraphGIsatisfies  
入G，＿S（3＝，y）＝入G（x，y）foreverypairof3＝，y∈V－S・  

3 EVAP（4，3）for a 2－Vtrtex－Connected   

Graph   

We now present a polynomial time algorithm for  

EVAP（4，3）foragiven2－VerteX－COnneCtedgraph・   

Letβ（G）≡maX（p（G－S）－1＋max［0，maXi4－CG（vl），  

4－C。（v2）））lS＝（vl，V。）isaseparatingpairiムq．Tb  

makeagraphG（4，3）－COnneCted，itisnecessarytoaddat  

least4－CG（X）edgestoEc（X，V－X）foreachcutX，  

to add atleast3－lrG（X’）1edgesto EG（X，V－X）for  

eachciltXwithV－X－rG（X）≠¢，andtoaddatleast  

P（G－S）－1＋max【0，maX（4－CG（vl），4－CG（v2）））】edges  

toconnectcomponentsofG－Sforeachseparatlngpair  

∫・＝（机，γ2）inG．   

IJOWerBound：7（G）≡maX（「α（G）／21，β（G）），Where  

〈 

P 9  

∑（4－CG（弟））＋∑（トIrG（弟  

た1  1＝p＋1  

α（G）＝maX  

and the maxis taken overallsubpartitions（Xl，・・・，  

Xp，Xp＋1，・・・，Xq）ofl′such that q≧p≧0andl′－  

ズf－rG（ズi）≠の，盲＝p＋1，…，9．  口  

ForasubsetFofedgesinagraphG，WeSaythattwo  

edgeel＝（ul，Wl）ande2＝（u2，W2）areswitchedinFif  

We deleteeland e2from F，and addedges（ul，u2）and  

（wl，W2）toF，and that anedgeel＝（ul，Wl）is sh埴ed  

in F，ifwe delete el‘from F and addanedge（ul，W2）  

（wl≠w2）toF・ThesketchofouralgorithmforsoIving  

theEVAP（4，3）fora2－VerteX－COnneCtedgraph，denotedby  

AlgorithmEVA3，isgivenasfo1lows．  

Algorithm EVA3 

Input：Anundirected2－VerteX－COnneCtedmbltigraphG＝   

（11月）．  
■  

Outpllt：An undirected multigraph G＊＝G＋Fwith  

入（G’）≧4andrc（G＋）≧3wherethesizeofnewedge  

set Fisthe minimum．   

StepI．（Addingvertexsandassociated・edges）：  

Afteraddinganewvertexs，WeCanaddasetFlof  

newedgesbetweensandVsothat tPll＝α（G）and  
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