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l Introduction   

Weconsideraproblemtoobtainanetworkoftr9etypeWhichminimizestheprobal）ilitythatarequirementof  
COmmunicationisnotrealizedwhenaslngleordoublefailurehasoccured・   

LetV＝（0，1，‥・，n－1）beasetofnverticesandTbethewholesetofundirectedspanningtreesonV・  

Assumethatanonnegativevaluervu（relativefrequencyofcommunication）isgiventoeachpairofdistinct  
verticesvaJlduinV，Wherervu＝ruvholds．AIsoa5Sumethat，fbragivenvalueL（≧2），  

（1）  deg（v）≦Lholdsfbra11v∈V，   

Wheredeg（v）isthedegreeofvert・eXV・Let・EidenotetheeventthatThasifailures，andlet  

αij＝Pr（ivert・icesandjedgesarebrokendowntEi＋j）・  

AIsoletFdenotetheeventthatarequlrementOfc？mmunicationisnot・realizedonT・Byaddingsomemore  
assumptions，WeCanShowthatminimizingPr（FICl）isequivalenttominimizing  

Jl（r）＝ ∑：d（叩；T）rⅢ，  
（叩）∈（㌢）  

whered（v・u；T）denotesth？やn芦モhoft・hcpathconnectチngvand一∫・？n 

． 

以r）＝ ∑（ぐ＋（2α20＋2α1l－m）d（叩；r））d（叩；r）ruv，  

（叫）∈（㌢）  

whereC＝（n－2）（2n－3）α20＋n（2n－3）α02＋2（n－1）（n－2）α11・OurproblemistofindatreeT∈T  

minimizingム（T）（i＝1，2）underconstraint（1）・WtsaythatatreeTminimizing＾is＾－OPtimum（i＝1，2）．   

Astothesingle－hilureproblem，Hu［41showedthatanfl－OPtimumtreecanbeobtainedbytheGomory－  

Hualgorithm［3】inthecasewithouldegreeconstraints；WhileAnazawa，KoderaandJimbo【2】showedthata  

particula．rtreeris／1－OPtimumsubjectto（1）undersomeconditions・Anazawa（1】gaveamoregeneralcondition  

fbrthetreeT’tob6／1－OPtimum・   

W占wi11showinthispaperthatthetreeT■isalsoJtoptimumunderthesameconditionin［1］．   

2 Main Theorem andlemmas  

Letmv＝∑uivrVuforv∈Vandassume，壷ithoutlossofgenerality，thatmo≧ml≧・・・≧mn－1holds・Wt  

callavertexvwithv≧nadふ7n7ny’vertex，andassumethatmv＝Oanddeg（v）≦Lholdforallv≧n・   

ThedefinitionofthetreeT＋∈Tisasfollows．FbrthemaximumdegreeL，WeSetSo＝L，S．．＝Su＿1＋（L－1）  

foru＝1，2，…，andletNbetheminimumintegersatisfyingn－1≦sN＿1・AIsowede丘neafunction7rOna  

Set（1，2，…，n－1）by  

〈芸  

irl≦リ≦βo  

ifβい1＋1≦v≦βu br u＝1，2，‥．，〃一皇，  訂（u）＝  

〃－1 i一旦Ⅳ＿2＋1≦v≦和一1  

andletE’＝（el，e2，…，en－1）bea・SetOfedges，Whereev＝（7T（v），V）forlv＝1，2，∴‥，n－1・ThenT’isdefined  
by了1丁＝（V；E’）．FigurelillustratesT’fbrn＝9a・ndL＝3・   

MainTheorem＾sl肪cientconditionJbrrtobe／1－andh－OPti7numisasJbllows：qrvu，rVu：・rV，u¢nd  

r小心′¢柁αJid所ned♪rり＜リ′肌du＜む′，触れrひu－r心髄′≧γ山一r両′加ゎ由，ぴんe柁〃ほe叩αは封印几加～d5げ  

肌do両卵b班γふ几dv′αん血mmyorわ0銑祝肌du′α柁血m叩．  
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Figurel：r●br乃＝9andエ＝3  

BeforeprovlngMainTheorem，WepreSentSOmelemmaswithoutprooEb・Tllefirstoneisconcernedwitht・he  

tree了「●．  

Lemmalエe£℃わeαβu加代e扉T■co乃β由血タイ（0，1，…，ーノー1）⊂l′′（，ノ＝1，2，…，n）．由ケeαC九㍍（Jノ≧2），  

Je亡ア＝（叫，祝2，‥り叫）beα托α融和巧pα妨げ㍍βα軸両叫＜恥∽dJeれ＝し引血e代し申5血  
mα罰m†Jm血吻erれ0£eェceedれタg・乃eγ川i＜叫－り1ん0旭♪r査＝1，2，…，m・  

Nextweshowsomelemmasconcernedwithfl－OrムーOPtimumtreessatisfyingtheconditioninMainTheo－  
rem．Inthesequelofthispaper，WeuSel．hefbllowingnotationaddiI・ionally．LetP＝（ul，u2，∴，uk）beapath  

ofatreeT＝（V，E）∈T，andaforestGis（lefinedbyG＝（l′，E＼（（ul，u2），（u2，u3），…，（uk＿1，uk）））・Forthe  

pathP＝（ul，u2，…，uk），1etT（ui）＝（V（ui），E（ui））betheconnectedcomponentcontaininguiinG・Al苧O，for  

anonnegativeintegerl，letV（ui，l）＝（v∈V（ui）ld（ui，V；T）＝l）．   

Lemma2 LetTbeanf．－OrムーOPtimumtree，andP＝（u．，．．．，uた）beanarb加rypathqfTsuchthatk＝2  

0r3肌dt上1＜叫α柁βαfi所ed・凡r肌y乃0乃乃印α血eれ吻erZ，げⅦeC肌C九005etひOUe†l盲ce£叫∈V（wl，J）αmd  

v2∈V（uk，l）arbitTYITily，thenvl＜v2anddeg（vl）≧deg（v2）hold．   

Remark TheconditioninMainTheoremisessenciallyutilizedfbrtheproofofLemma2．  

Corollarylタe上P＝（恥u2，…，uk）be叩α兢イαれJl－0り2－Op血肌如er，肌dβefm＝L喜」・〝  
払m＜叫＿m＋lぴβα£榔ed，伽乃叫＜恥＿i吊ん〃ム血♪r豆＝1，2，．‥，7乃．  

Lemma3（Monotoneity）LetTbeanfl－Orjち－OPtimumtree，andP＝（ul，u2，．．・，uk）beanarbilrYlry  

押紙げT郎血舟両川1＝0．me乃祝1＜む2＜…＜視たん0んお・  

ProofofMain Theorem（Outline）Letr＝（t（E’）∈TbethetreestatedinMainTheorem，and  

T＝（V，E）∈Tbe an／1－Optimum treewith E≠E’．Then wefind that acertain path ofT does not  

SimultaneouslysatisfyLemmal，CorollarylandMonotoneity（Lemma3）・Hence，rmuStbe／1－Optimum．  

Inthesamemanner，WeObtaintheゾら－OPtimalityofr・Therefore，risfl－andJtoptimum，   

Thedetaihoftheproofwillbeshowninthesession．  
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