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An Alternative Approach to the Sensitivity Analysis of Efficient and Inefficient
DMUs with respect to Changes in the Reference Set in DEA -

01505910 EMEETKYE #4XK #i¥f HIBIKI Norio.

1 Introduction

- Data Envelopment Analysis(DEA) was developed
in order to measure the relative efficiency of a de-
cision making unit(DMU) with multiple inputs and
outputs. Sensitivity analysis should be routinely dis-
cussed in DEA, because data are not always deter-
ministic and are subject to several factors of distur-
bance. Some techniques related to sensitivity analy-
sis have been studied. In this paper, we investigate
the stability of efficient and inefficient DMUs, more
specifically with respect to changes in efficiency clas-
sification, efficiency score, and slacks in the reference
set. Few studies of sensitivity analysis have focused
on inefficient DMUs. A notable exception is the dis-
cussion by Charnes et al.[3]. Moreover, to the best
of the author’s knowledge, changes in efficiency with
respect to changes in the reference set have not been
studied. Prior studies have focused on data varia-
tion, but changes in the reference set itself may be at
least as critical. We propose an alternative approach
to sensitivity analysis for establishing the stability
of both efficient and inefficient DMUs with respect
to changes in the reference set. Applying the idea
of cross-evaluation(efficiency) to the EDM, we pro-
pose a new concept called the “cross-sensitivity anal-
ysis”, and two new measures called the “DEA cross-
reference efficiency measure(DCR)” and the “DEA
cross-sensitivity measure(DCS)”.

The proposed approach has the following advan-

tages over conventional methods.

1. Sensitivity of both efficient and inefficient DMUs
can be(cross-)evaluated at the same time.

2. When a particular DMU is evaluated, conven-
tional DEA does not use the data for inefficient
DMUs completely, whereas the new approach in-
corporates them in the sensitivity evaluations.

3. Elimination of an extreme-efficient DMU affects
the spanning of the set of reference points for
inefficient DMUs. This approach investigates the
effects of eliminating an extreme-efficient DMU
and the efficiency change for an inefficient DMU.

4. DCR measure provides the way of ranking ef-
ficient DMUs perfectly, whereas the procedure
using the extended DEA measure by Andersen
et al.[1] often fails in ranking efficient DMUs be-

cause of the infeasible problem.

5. The stability of the score of an inefficient DMU
is examined with respect to changes in the refer-
ence set. B

A.Charnes, W.W.Cooper and R.M.Thrall[2] sug-

gest the way of classifying DMUs by reference to
the dimensions of their multiplier sets, and parti-
tions the set of all DMUs into the six classes ; E,
E',F, NE, NE', NF. We call EU E’ the set of all
DEA-efficient DMUs, and N U F' the set of all DEA-
inefficient DMUs. This classification can be applied
to the new efficiency measure.

2 Evaluating DEA-efficiency with re-
spect to changes in the reference set

We propose the DEA cross-reference efficiency mea-~
sure (DCR) as a means for considering the sensitivity
relationship between two DMUs. When DMU a is
under evaluation, the new measure 6, can be calcu-
lated after DMU b is excluded from the reference set
R where R = {1,...,n} is the set of DMU @ , as in
Program 1 for the input-oriented BCC model.

{ Program 1 ]
min 6.
s.t. 60’1, . Xi,a. = Z Xi,j . )\j +t
jeR-{b}
Yr,a = z }/-r,j ' )\j - t;-*'
jeR-{b}
> A=l
jER—{b}
My 7, 520
(jeR-{b},i=1,....om, r=1,...,k)
where m, k and n are the number of inputs, outputs,
and DMUs, X ; is the amount of input : to DMU j
and Y;; is the amount of output r from DMU j.

Efficiency score and slacks for input-oriented BCC
model are not always equivalent to them for output-
oriented BCC model. We should pay attention to
those differences.

In sensitivity analysis in the radial efficiency model,
not only efficiency measure but also slacks play an
important role. In Program 1, cross-reference slacks
t; and t;} are also examined as an aid in interpreting
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importance of the cross-reference model.

We rewrite the input-oriented BCC model in more
general form as Program 2. Let §,(R*) be a general
efficiency measure for the DMU a under evaluation
where R* is the reference set.

{ Program 2]

min  6,(R")
st. 0u(R)-Xia= D Xij-Nj+s]
JER*
Yia= Z Vi —st
j€R*
D Ai=1
jER*

Nj, 57,8520

_ (jeRi=1,...,m, r=1,...,k)

When R* = R, 0,(R*) = 0, where 67 is the con-
ventional (input-oriented) BCC efficiency measure.
When R* = R — {a}, 6,(R*) = 6. where §; is the
extended DEA measure of Andersen et al. If DMU q
is evaluated DEA-efficient, 6} > 1. If DMU a is eval-
uated DEA-inefficient, 6 = 6%. When R* = R — {b},
6.(R*) = 6, where 6, , is the DEA cross-reference
efficiency measure. -

We show the properties of the DCR for the input-
oriented model as follows, in which DMU a is the unit
under evaluation and DMU b is the excluded unit.
Property 1. &;, > 6;. However, DCR slacks are

not always smaller than DEA slacks.

Property 2. If DMU a is the same as DMU b, then
830 = 0;. In particular, é; , > 1 or Program 1
is infeasible if and only if DMU a is DEA-efficient.

Property 3. If DMU a is not the same as DMU b,
then Program 1 is feasible.

Property 4. If DMU b is not DEA-extreme-efficient,
then é; , = 0, and ;" = s;* and t}* = s}*.
Property 5. If DMU b is not included in the set of
reference points, Eq, for DMU a, then §; , = 6,

and t;* = s7" and t}* = s}

Property 6. If DMU a is DEA-efficient and different

from DMU b, then 6} , =1, and t;* = t}* = 0.

3 Cross-sensitivity Analysis .

We use both the DCR (as defined in Section 2) and
the DEA-efficiency score to define the sensitivity of a
DMU’s efficiency rating with respect to the reference
set. We let D (%) denote the DEA cross-sensitivity
measure(DCS), and define it as follows ! .

1The proportional change in efficiency rating of DMU a, that
is the ratio of the DCR radial measure to the DEA-efficiency

D (%) = b3 — s 1)
Furthermore, we define the normalized change of

the DCR slack to the DEA slack as the DCS slack

measure, d; * € R™ and d}* € Rk.

CdTT =g (s ), and &t = gl (st - £17),(2)

where g and g;' are normalizing coefficients such as
positive weights introduced by R.M.Thrall [4]. The
reason the change is normalized is that we can use
these measures with DCS radial measure. The DCS
Dy, (%) is the change in the efficiency rating of DMU
a when DMU b is excluded from the reference set.
When a and b refer to the same DMU, we call this
sensitivity measure the “DEA self-sensitivity mea-

~ sure(DSS)” of DMU a and denote it by D;, ,(%).

4 Numerical examples

We test our procedures with the numerical exam-
ples using economic data of the developing countries
in Asia-Pacific area.

We will show some results in the presentation.

5 Concluding remarks

We propose the DEA cross-reference efficiency mea-
sure (DCR), applying the idea of cross-evaluation into
the extended DEA measure (EDM). Moreover, we
propose the cross-sensitivity analysis, using the DCR
and the DEA cross-sensitivity (DCS). We can find the
useful information about the sensitivity relationship
between DMUs through the proposed analysis.
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measure, can also defined as follows.
-
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52 4(%) = ( ;;” - 1) x 100(%)
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