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Mean Sojourn Times of Multiclass Feedback Queues
with Gated Service Disciplines
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1 Introduction

We consider multiclass M/G/1 feedback queues with gated
disciplines. Customers in the system are classified into J
groups. Further, group i consists of L; classes of customers.
Let S = {(i,a) : i = 1,...,Janda = 1,...,L;}, and
Je = YL, L;. Class a customers belonging to group i ((i, @)-
customers) arrive at station 7 from outside the system accord-
ing to a Poisson process with rate Aip ((f,a) € §). Ser-
vice times Siq of (i, a)-customers are independently and arbi-
trarily distributed with mean E|[S;,] and second moment 2ia
((i, @) € 8). After receiving a service, an (i, a)-customer either
feeds back to the systemn and is changed into a (j, §)-customer
with probability pia,js, or departs from the system with prob-
ability piago = 1 = Sy Tyl Pias ((,0), (5, B) € S).

We consider priority scheduling algorithms for which group i
has priority over group j if 7 < j. The system is separated into
two parts which are called the ‘service facility’ and the ‘waiting
rooms’ of the stations. The server selects one of the stations
at a time, and then opens its gate, which separates the service
facility from its waiting room. We consider the gated discipline,
that is, when the gate opens, all customers at the station enters
the service facility in batches at a time, and then the gate is

immediately closed. The server serves customers in the service

facility until he empties it, and then selects another station
and opens its gate. Each arriving customer (exogenously or by
feedback) joins one of the waiting rooms of the stations. The
service order of customers in the service facility is FCFS.

We consider Tio; and Tioj(r) that satisfy equations:
T"OJ = ElSi) + Zi:lz‘[y';xpia.hTh.j and Tia.j(r) =r+
The1 Trt1 Piagr Ty (0 € 5 € J,(i,a) € Sand 7 2 0). An
empty sum, which often occurs at j = 0, is defined to be 0 from

now on. Further we define traffic intensities:

Jj L _
33 XNiaTia

i=1a=1

i=0,1,....,J. (L)

Let (s,a) denote the station-class pair of a customer being
served, and let r be his remaining service time. Let S =
SU{(0,0)}. Number of (7, a)-customers in the service facility
{except for a customer being served) is denoted by gia ((7, ) €
S). Let g = (gia : @ = 1,...,L;), and g = (g1,...,85)-
Number of (%, a)-customers in the waiting room is denoted by
nie ((i,a) € S). Let n; = (ni Li), and n =
(ny,...,ny). These values at time ¢ are denoted by the same

Ta=1,...,

notations followed by ‘(t)’.
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The e™ customer (denoted by c®) arrives from outside the
system at epoch of (e = 1,2,...). Let of be a time epoch
just when he arrives (by a feedback) at one of the stations
after completing his k" service stage (k = 1,2,...). We de-
note informations of the systemn at time t by L(t). Transition
epochs of these processes consist of customer arrival epochs
and service completion epochs. Then let (X (i),I'()) denote
a station-class pair of an arriving customer at the last transi-
tion epoch before t (t > 0). We define the stochastic process
Q = {Y(t) = (X(t),T(t), s(t), a(t),7(1), g(t), n(t), L(1)) : t 2
0} with the state space .
2,..,t>0and (i,a) € S, Cint) = 1if ¢
stays in the waiting room as an (7, a)-customer at time i, or

e a(l) = 0 otherwise. Further, Cg,(t) = 1 if c® stays in
the service facility or receives a service as an (i, a)-customer at
time f, or Cg;q(t) = 0 otherwise. Then we define

For e = 1,

Wa(Y,el) = E[/wav,-o(()(ll.lY(af)=Y}, (1.2)
Wi(Y,el) = E[ e (At Y (of) = ] (1.3)
Fa(Y,e,l) = E[ Clia(DdHY (o) = ] (1.4)
FL(Y,el) = E[/ Ceu (DAY (0f) = } (1.5)

for (i,0) € S,1=0,1,2,...,and Y € £. It can be shown:

Wia(Y,e,l) = WL(Y,e,l) + E|Wia(Y(0f,1),e,0 + 1)]Y]),(1.6)
Fa(Y,e,l) = FL(Y,e,) + E[Fa(Y(0f;1),e,0 + 1)]Y],(1.7)

for (i,a) € 5,1 =0,1,2,... and Y € £. (The above condition
Y denote the following condition: Y(of) =Y.)

2 Busy period processes

For any Y € £ at any transition epoch, let C = C(Y) be a set
of some specified customers stay in the system at that time.
For example, if an (i, a)-customer at the m!® position of the
queue is in C, then (i,a,m) € C.

For any Y € £ and any C = C(Y), let B/(Y;C) be a (gener-
alized) busy period of the system initiated with state Y until
the first time when the system is cleared of the customers in
C and customers at stations 1,..., j, except for customers who

are initially in the system and are not in C. Then we have

"‘1 1(7) + Z Z(t a,m)eco Ffo J
1—/)J

E[BY(Y;C)] =



where C° = C \ {a customer being served} (0 < j < J).
Let Ni5(Y;C) be the expected number of (I, 8)-customers at
a completion epoch of B¥(Y;C). Then

Nis(C) + 185 + Xats + 3 (ElSial€ls + Xlass),
(i,a,m) € C°

N3s(Y;C) =

for0<j<i< Jand (,0) €8S, where Nis(C) is the number
of (I, 8)-customers not in C. &; and ,\,.o',,s are given in [1].

3 Initial sojourn times

For any | = 0,1,2,..., let Y = (4,8,k,a,7,8,n,L) € £
be the state of the system at of. Since W.(Y,e,l) = 0
and FL(Y,e,l) = 0 for (i,a) # (j,0), we consider the case:
(i,a)=(j,B) € S.

The length of time until the service period of c® begins is
equal to B771(Y;C%) where C° = CO(Y) is a set composed
of following customers: a customer being served currently, cus-
tomers in the service facility and customers belonging to groups
1,...,J—1 who stay in the system at c®'s arrival epoch. Hence

6% J’ﬁ(Y e,l) = E|[B'(Y,C%)

KGJ 1(7)+E 1Eu lg:a ia,j— 1+Z
1_/)]-1

(3.1)

o [ ntoTia,j—I

The ¢®’s sojourn time ["B is a time to complete: 1) services
of customers who are already in his group at his arrival epoch,
and 2) his service. Then

Lj .
Fls(Y,e,l) =3 njsE|S;s) + E[Ss). (3.2)
§=1

Further, we have

LElng. (’Uleﬂ)]Y] =
N (Y5C8) 4 ey {Sa2a mss ELS)] + ElSi])}
+Z:;1n36p16k7: k#jv=1,..., L,

(3.3)
Ay {ZJ 1756 ELS56) + EISJﬁ]}
+EJ 1 136P38,5vs k=jv=1,...,L;
E[ka("'H-l Y] =
0, k#jv=1,..., L,
g Far=heobe gy
Nj-’ (Y!C )_n]"lv IG':],’Y:l,...,LJ'.

4 Expressions of the cost functions

We can find expressions of the cost functions W, (-) and Fj,(-)

under some assumptions as follows.

Forany e =1,2,..., define
. 1“pia(j' ﬁ' ""7 a)+
Wia(Y,e,0) = { (g, n)wis(4,0) + wia(j, B, k,a), [ =0, (4.1)
(g, H)W,'a(j,ﬂ) + wi'tz(jlﬁ)u >0
. Tnia(jvﬂi K,y (l)+
F"G(Y!ev l) = (gv n)fia(jvﬂ) + fio(j; ﬁ’ K, a)y l= 0, (42)
(gvn)fia(jvﬂ) +fi0(j!ﬁ)l 1>0.

where ({,a) e Sand Y = (4,3, k,a,7,8,n,L) € £.

Under some ‘assumptions’, we can show that the functions de-

_ fined in (4.1) and (4.2) are solutions of equations (1.6) and

(1.7), respectively.

We do not give here the precise definitions of the above co-

efficients «¢ia, Miay Wia, fiar Wia» fia- These constants can be

. expl)cltly determined by the coefficients of the functions W/,

FL, Elgiy(0f,)|Y] and Efns (of,,)|Y]. These discussions are
similar to those in [1]. Uniqueness of the solutions of equations
(1.6) and (1.7) may also be shown. Then W, and F, coincide
with W, and F, defined by (1.2) and (1.4), respectively.

| 5 Steady state values

A set of arrival rates {f;, : (i,a) € S} is defined by a set of
equations fia = Xia + Tl zsiléjﬁpjp'ig ((i,a) € S). Let
7 = 0,5%xa/2 ((k,0) € S) and 7 = 0. Further let §* =
0caE|Sxa) ((55,0) € S) and % =1 — pt.

Under some steady state assumptions, we have

t—o0

(&, 8) = lim 1/ (g(u) n())du = (s—3)(I—S)-,  (5.1)

where
§=(d"...,§’",0,...,0) € R*,
J LJ
EZ—:Z: ]ﬂ(fll .]1 'stLJ(jvﬁ)i
win (4, 8),...,waL, (4, B),
J Ly . ' ’
s=Y"3 MG A, Joe, (. B),
j=1p=1
wn (4, 0),--- 1w, 0)),
Wia(7,8) = Y- Y {7 ia(, B K, @) + § wia(j, B, K, 0)}
(»,a) €So
fia(jl ﬁ) = Z Z {fxn"fa(jsﬁ’ K.,(l) + (iKafia(jyﬂa K, (l)} .
(x,a) €S0

Let Wia(j, 8) be the steady state average value of the waiting
times of a customer spends in the waiting room as an (i, a)-
customer, given that he has arrived from outside the system
Let Fio(j,B8) be the steady state value
of the sojourn times of the customer in the service [acility
(¢, @), (4,B8) € S). Then

as a (j, B)-customer.

Wia(4,8) = (s =8)I—S)"'Wia(j. 8) + @ia(4, B), (5:2)
Fia(j,) = (s=38)I=8)""fiald, B) + fiali, B). (5.3)
References

[1] IFLUE*?.:, 1996 f-/5 A AR O REESHBMERKS, 2-D-8 &
2-D-

{2] B. Simon, J.ACM 31 (1984) 134-149.

[3] J.L. van den Berg, O.J. Boxma and W.P. Groenendijk,
Commun.Statist.-Stochastic Models 5(1) (1989) 115-129.

[4] M. Sidi, H. Levy and S.W. Fuhrmann, Queueing Systems
11 (1992) 121-144, & Queueing Systems 16 (1994) 193.





