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Finding the Nucleolus of Assignment Games

01605000

1. Introduction

The nucleolus is a single-point solution
concept introduced by Schmeidler in [1].
This paper considers a problem for finding
the nucleolus of assignment games. Assign-
ment games with side payments are models
of two-sided markets introduced by Shapley
and Shubik in [2]. Recently, Solymosi and
Raghavan [3] proposed an O(v?u) time algo-
rithm for finding the nucleolus of an (u,v)-
person assignment game with v < u. We
show a characterization of the nucleolus of
assignment games, which gives an idea to re-
duce the size of the problem when u >> v.
The time complexity of our algorithm is
O(v*u + v?).

2. Preliminaries

For any pair of sets 5,52, B(S,52) de-
notes the complete bipartite graph with ver-
tex sets S1,5;. An edge set Al of B(5;,53)
is called a matching when every vertex is

incident to at most one member in A.

Assignment games are the model of tiwo-
sided markets, which consist of two disjoint
sets of players denoted by [7 and V. The
set of players. U/ U V" is denoted by P. For
each mixed pair of plavers (z,j) € U x V',
there is associated a non-negative profit a;;.
2P 5 R
of the assignment game is defined as fol-
lows; ()it SNU =0 or SNV = 0. then
v(S) = 0. (2) otherwise. ©(5) 1s equal to

The characteristic function v

the weight of maximum weight matching in
the graph B('.S' NU.SNTV) wr.t. the edge-
weight @. In this paper. we denote the as-
signment game by the triplet (U, V., a). Lor
any payoff vector ¢ € RF. the ercess of a
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coalition S C P is denoted by e(S,z). The
excess vector e(x) with respect to a payoff
x is a vector indexed by 27 whose entries
are the excess ¢(S.x). VS C P. The core
of the assignment game (U, V, a) is denoted
by C(U,V,a). For any vector w indexed by
a finite set S, fw denotes the sequence of
elements in w whose entries are arranged
in a non-increasing order. We denote the
lexicographic order by >, or <j... The
nucleolus of the assignment game is the im-
putation & satisfying the condition that for
any imputation ', fe(x) <j., fe(x’).

3. The nucleolus of assignment games

We show a characterization of the nucle-
olus of the assignment game. The family of
singleton coalitions {{¢} |7 € P} is denoted
by P, and the family of mixed pair coali-
tions {{7,7} | (¢,7) € U x V'} is denoted by
P,. For any payoff vector &, e;»(2) denotes
the vector indexed by P, U P, whose entries
are excess €(.S,x) for all S € Py U P;.

Theorem 1 A payoff vector € C(U,V, a)
is the nucleolus if and only if V&' €
C(L, V. a), Pera(@) <joy Pera(a’).

In the rest of this paper, we assume that
|U7| > |V]. Let M be a matching in B(U/, V")
which attains the value () and covers 1.
Let I7 C U7 be the set of vertices which are
covered by M. Now we construct a new as-
signment game, called the auxiliary assign-
ment game (with respect to M), as follows.
We introduce two artificial plavers 7, jo and
we denote the set of players U U {¢g} by U~
and VU {jo} by V. The auxiliary assign-
ment game is the assignment game with the
set of players > U V" and the profit vector



b indexed by U* x V* defined by

a;  (if(i,j) €T x V),
b — 0 (ifj = jo),_
U max{a,v]- | o € U\U}
(ft=1 and j € V).

In the above definition, we assume that
max{ay; | ¢ € U\ U} = 0, when
U =U. The auxiliary assignment game is
the assignment game defined by the triplet
(U*,V*,b). We denote the set of players
U V* by P*. The characteristic function
of (U*,V*,b) is denoted by v* : 2" — R.

For any payoff vector ® in C(U,V, a), the
payoff vector f*(«) of the auxiliary game is
defined by

a 0 ifi=1go0r7=jg,
Fi=): —{ x; otherwise,
and for any payoff vector y in C(U*, V*, b),
the payoff vector f°(y) of the original game
is defined by

o v [ yif i€ (UUVI\T,
f(y)“{ 0 if iel.

Then we have the following property.

Lemma 2

If « € C¢(U.V.a), then f*a) ¢
cU=v=b). Iy e C(U-, V= b). then
fly) e C(U, V., a).

For any payoff vector y € R”" and for
any coalition S C P*. the corresponding ex-
cess and the excess vector of the auxiliary
assignment game is denoted by ¢*(5. y) and
e™(y), respectively. The family of singleton
coalitions of P~ is denoted by P and the
family of mixed pair coalitions is denoted
by P;.
and €3(y) denote the vectors obtained by
restricting e*(y) to PrU Py and Py, respec-
tively.

For any payoff vector y. ej,(y)

Theorem 3 A payoff y € C(U*,V*,b) 1s
the nucleolus of the auxiliary assignment

game if and only if fe5(y) <i. fes(y),
vy' e C(U", V7, b).

Theorem 4 A payoff y € C(U*,V*,b) is
the nucleolus of the auxiliary assignment
game if and only if f°(y) is the nucleolus
of the original assignment game.

4. Algorithm

By applying Theorem 4, we can reduce
the size of the original problem when u =
|U| >> |V| = v. Then we can construct an
O(u?v + v*) time algorithm by employing
the algorithm by Solymosi and Raghavan
(3] as follows. First, we find a maximum
weight matching M by ordinary Hungarian
method in O(v?u) time. Next, we construct
the auxiliary assignment game (U*, V*,b)
in O(u + v) time. Lastly, we find the nu-
cleolus y of the auxiliary assignment game
by Solymosi and Raghavan’s algorithm in
O((v + 1)*) = O(v*) and output the payoff
vector f°(y) as the nucleolus of original as-
signment game. The overall complexity is
O(v?u + v') time.
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