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On the number of customers of the GeolX] /G /1 retrial
queue with two types of customers
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1. Introduction

In this note, we consider the discrete-time
Geo/G/1 retrial queue with batch arrival and non-
preemptive priorities.

Retrial queueing systems are characterized by
the feature that arriving customers who find the
server busy join the retrial group to try again for
their requests in randam order and at random in-
tervals. These systems are widely used in computer
and communication networks. For a complete sur-
vey, see Falin [2] and Yang and Templeton([4].

Although the applications of discrete-time
queues to communication and computer systems are
getting importance recently, there are few study
about their discrete-time systems except on T.Yang
and H.Li’s work [5]. So we extend their work.

2. The model

In our system, we assume that time is slotted
and that all queueing activities occur at the slot
boundaries. Customers depart from the system just
before the slot boundaries, and arrive at the system
and make retrials immediately after the slot bound-
aries. We consider a single server queue with batch
arrivals and two types of customers, C; (i = 1,2),
which may arrive in the same batch. Furthermore
we assume that C)-customer has precedence over
Cs-customer.

Let B = (B;, By) be a random vector where B;
is the number of C;-customers in an arriving batch.
The joint distribution of the batch size vector B,
b(j, k) = Pr[B; = j, B, = k| is arbitrary where it
is assumed b(0,0) = 0 for convenience. It is also
assumed that customers arrive in a batch accord-
ing to a geometric arrival process with rate A inde-
pendently of any other event in the system. That
is, A = Pr{ An arrival occurrs at time m}. We as-
sume further that the service time of C;-customer

follows an arbitrary distribution {s;(j)}52;, i.e.
3i(j) = Pr{Service time of C;-customer = j}, with
mean E[S;].

Under the above assumptions, we describe the
behaviour of the system:

(i) If an arriving batch finds the server idle,
a C)-customer of the batch (if any) receives ser-
vice and the remaining Ci-customers join a queue
of infinite capacity, called priority queue, and wait
to receive service in a FCFS discipline. The Cs-
customers of the batch join the retrial group and
repeat retrial process. The time between retrials is
assumed to be distributed to independent geomet-
ric distribution with parameter 1 — g. That is 1 —
q = Pr{ A customer makes a retrial at time m}. If
there are no C}-customer in the arrival batch then a
Cs-customer begins service and the remaining cus-
tomers join the retrial group.

(i) If an arrival batch finds the server busy,
then the Ci- and Ca-customers of the batch join the
priority queue and the retrial group respectively.

(iil) Finally, any customer in the retrial group
persists to ask for service until he can recieve ser-

vice.

3. Analysis

We derive the joint distribution of the numbers
of customers in the priority queue and in the retrial
groupe at an arbitrary time by using the supple-
mentary variable method. To do so, let us define
random variables on the system in steady state and
the related probabilities.

X : the residual service time of the customer
in service

N; : the number of customers in priority queue

N; : the number of customers in retrial group
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: if there is customer in service

the type of the customer in service
I :
0 : if the server is idle

P(i, j, k1) =PI‘{X+ =i1Nl+ =j’N; = k7I+ =l}

We introduce generating functions.

Ro(2) = Y, P(0,0,k,0)2*
Qii(6,2) = Lioy Ly P, 4, k102
B(z, %) = 2, %;b(,k) 2
S(0) = Tu0)
P(f,21,22) = Yoy Qig(f,22)7f fori=1,2
Pl(z1,2) = &GP0, 21,2)=0

By the standard procedure, we obtain the bal-
ance equations, which we omit here. And we get
the set of equations as follows.

6 — (1—A)()—AB(n?z?)Pl(o,zl,zz)) (1)

)B(zl,Z2) — B(0,z,)

= ARy (2 51(6)
LA+ ABGL)(S10) = 1)

2
1- X+ AB(2,
+ +z (21, 22)

1

21, 22)

Py(21, 22)51(6)

2
1-A+AB(, 2
-3 12 2P0 gy, )50

=1

AN B ) ()

= —(1 - A+ AB(21, 22))P3(21,22)

2
1-A+AB(0,z
+3 1A 2P0 by )sy(0)

=1

+f\—-——B(O’Z) = 130(22)52(9)

Ro(z) = (1 - M) P/(0,42) + (1 - \)F;(0,42)
+(1 - A)Ro(g2) (3)

By substituting § = 1 — A + AB(21,22) and
& = p(z), where (2) = Si(1 - A+ AB(p(2), 2)
into both sides in equations (1) and (2), and par-
tial differentiating the equation (2) with respect to
21, we obtain the z-transform of the number of cus-
tomers in the system at an arbitrary time.

P(l, 21,22)
= 21P (1, 21, 22) + 22 Pa(1, 21, 22) + Ro(22)

_51(1 = A+ AB(21,22))(1 — 1)
- Sl(l -+ AB(Zl, ZQ)) — 21 RO(Z2)
A[B(p(22), 22) — B(z1, 22)]

A = AB(z1,22)

52(1 -2+ AB(Z],ZZ))(I - 22)

S2(1 - A+ AB(p(22), 22)) — 0
=A(B(p(22), 22) = 1)
A— AB(Zlaz2)
where

- e gini(;f(Aq];»z()),‘:'lnlz)(1 — A)Ry(0)
_ ~A(B(p(2),2) — 1)

C2) = GATATABlp(2).2) ==

p(z) = Si1(1= X+ xB(p(2),2))

4. Concluding Remarks

We've derived the z-transform of the number
of customers in the system at an arbitrary time
in a Geol®1/G/1 retrial queue with two types of
customers. The expectation of the number of cus-
tomers in the system can be obtained by making
use of these results.

As mentioned before,
T.Yang and H.Li’s model [5] as a special case where
b(l,k) = 0 (I > 1). And our assumption on ar-
rival batch includes the case where C;-customer

our model includes

and Cs-customer independently arrive at the sys-
tem each other when the equation b(l, k) = Pr[B; =
J]Pr[B2 = k] holds.
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