1996FERAA XL —2 3 > X - U —F i
KEMERES

Further Results for Multiclass M/G/1 Queues with Feedback (II)

01505150  University of Tsukuba SEL#EE HIRAYAMA Tetsuji

4 Initial sojourn times.

Let us consider the e** customer arrived at station j with
the nonpreemptive FCFS discipline at of and he belongs to
class 8 (¢ = 1,2,... and [ = 0.1....). Let Y(of) = Y =
(7,8,6,a,7,V,n) € & be the state of the system at his ar-
rival epoch. Since Wi (Y.e,l) = 0 and G/ (Y,e,1) = 0 for
(i,a) # (j,8), we consider the case where (i,a) = (j,5) € S.
Let Jy, =J + J..

The customer set CJF is composed of a customer being served
and customers in one of groups 1,...,7 who are in the system
at time of (except for the arriving customer). The initial so-
journ time of the customer is composed of a group j — 1 busy

period initiated with {Y;CF}. and the e customer’s service

S;s. Hence,

Wi(Y.e.l) = E(B7HY:Cl)+ Sial, (1)
Ha(Y.ed) = EISlEIBTNYC])] + /2. (42)

By appropriately choosing nonnegative vectors wih, g ¢
Ri‘ and nonnegative constants /%(¢,a), w®(i,a), 1%(¢,a),
gjﬁ(,,a) € R4 ((4,8) € S,(1,a) € Sp), we may simply express
WL(Y,e.l) = rg/”(t,0) + (vn)w? + w(s,a). (43)
Glo(Y.e.l)

rP? (e a) + (von)g’ + ¢ (a), (44)

forY =(j.3.cca,r,V,n)eEand =0,1,....
Now we would like to consider the work at each station and
the number of customers in each class at each station at the

th

completion epoch of the initial stay of the e* customer. Then

Le
Elex(af )Y (6f) = Y] = S (Vi3 (v:eh)
“
+My E[Si8]E[Sr]}, (4:3)

Elnin(of)Y(of) = Y] = N7 (Y:CF) 4 Mg E[S)5).(4.6)

for (k,y) € S (Vi (Y;CF) = 0.5, (Y;¢F) = 0if & < j).
By appropriately choosing a nonnegative matrix U/? € Ri‘x"‘
and nonnegative vectors v/3(¢,a).u’(i,a) € 'R.l,,x‘]' ((.3) €
S,(t.a) € Sp), we can simply express as follows:

E((v(o1)sn(af DY (of) = Y]

= rv'®(,a) + (v.n)U’? 4+ w/®(¢,a), (4.7)

for Y = (j,8,t.a,7,V,n)€ Eand 1 =0,1,....

5 Expressions of the cost functions.

In this section and the next section, we derive the explicit for-
mulae of the cost functions W;,(-) and G;,(-) under some as-
sumptions. Let J, = (J + J.) x J, and define:

0 ~ 0
0 0

:’]a = wia ~(ha) E'thl, ,"I')uE‘ g,’a ERJ’XI.
0 0
0 ~hLp 0
Ullpyn Ullpye,

uqQ = : : € R7xJ2,
ULipy,n U'Lipsi, e,

We now suppose (I — UQ)™! exists, where I is an identity

matrix in R72%J2_ Then we can define

W;a(l,l)
= (I-UQ)l¢i e RX,  (5.1)
wia(J, L)

(gia(1,1),...,8ia(J, L))’ € R¥*!is defined in the same man-
nar as the above expression for (wis(1,1),...,wis(J, L)) by
substituting ni® for . Further we define ¢} € R7<*! such

that

w(0.0) Thy T2k pragyWia(Ky7)

ui'a‘(og O) ZA{zl Es;] pi’a’,k"/wia(k’ 7)
o= | we(0,0) + u(0.0) SEo, TE piasy Wialk, 1) |

RN

u' 27(0,0) Zi=1 2-[:;1 Pi”a”.k‘ywia(kﬂ 7)

il

uJLJ(Oa 0) Zi:l Z's;l pJLJ,k'ywia(kv 7)

where (#,¢') = ({,a — 1) for a # 1, or (V',a') = (1 = 1. L;y)
for « = 1, and where (i",0") = (i,a + 1) for a # L;, or
(", a") = (i+1,1) for a = L;. 71 € RI*! is defined in the
same mannar as the above expression by substituting gi.(k.7)
and ¢*(0,0) for wi,(k,7) and w'(0,0), respectively. From

Assumption 1, (I — P)~! exists. Then we can define

wia(1,1)

]

: (I-P) "¢ e R7, (5.2)
wia(J, L)
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(gin(1 1), ... gia(J. L)) € RV is defined in the same man-

nar as the above expressions for (w;.(1,1),...,

icy

substituting ni™ for @}". Further we define

wialjs3,t,a) =
wi(1,a) + T7o, Z!:;l Piccjr { U (1, @) Wia(K,7)
+wia(ky)l (GiB) = (ha),
The S5 piosn {2, a)wia(ky7) + wia(ky 7)),
(7.3) # (i,a),
wia(J. B,1,a) =
@(1,0) + 07(1,0) Tlay &) Doty Wia (k1 7),
(7,3) = (i,a). (54)
vja(l,“)Z/{:x Z‘l:;l PigWia(ks 1), (5,8) # (i,0),

for (l,ﬂ),(j,/}) € S,(l,(l) S SO' gia(.}’7ﬂvtva) a.nd nia(.jv ﬁv‘ya)

is defined in the same mannar as the above expressions for

(5.3)

Win(J, B, t,a) and @;a(J,3,¢, a), respectively, by substituting
9(t,a), Bia(k, ), gia(k, ) and (¢, @) for w* (¢, @), wia (k. 7),
wia(k,¥) and (e, a).

For any (i,a) € S and e = 1,2,..., we define

7'“;!&(]'1 ﬂﬁ l (1) + (Vv n)wm(js .ﬁ)
WialY,e0) = +wia(j, Boa),  1=0, (5.5)
(V*n)wia(jvﬂ)'i'wia(.”vﬂ)’ 1>01
ialJ, B, ¢, a) + (V,n)gia(y, 5)
Gid(Yvevl) = +giuw(.jv ﬁ,l,(l), = 07 (56)
(vin)giald, B) + 9ia(4, B),  1>0,
where Y = (j,3,¢,a,7,V,n) € £,

Now we make the following assumption.
Assumption 3. (UQ)" - Oasm —oco. O

Under these assumptions, we can show:

Wi (Y, e, 1) defined in (5.5) and Gi,(Y,e,1) defined in

(5.6) are solutions of equations (2.7) and (2.11), respec-

tively. O

6 Steady state values.

The throughputs {0,»0 : (i, a) € S} are defined by

b = Xia + I Titi Ojspjinr (ba) €S (6.1)

Then we define

0.05%0/2, (1,a) €S,

so = stal2, (L) € (6.2)
0, (t,a) = (0,0),

b.E[S.), (,a) €S, )

T [+] (6.3)
L—p},  (1,6) =(0,0),
Ly L,

s = (L At (64

win(J, Ly)) by

Now we define the following customer average values:

Wio() = lim —ZH (i.a) €. (6.3)

Nex N
_ N
Giul) = l\lxm 1—\7 Gfa (i,0) €. (6.6)

if these limits shall exist. The time average values of compo-

nents of states are defined by:
ﬁ'ia = lim,..m fo‘ nia(s)ds/t.- (i,O) € Sa
b = limy_n fy vi(s)ds/t, i=1....,J, (6.7)
(v,n) = (by,...
Under some assumptions, it can be shown
332
J=1p=1
J L, A

Gia(') = ZZ jﬁ{ :a(J 3

j=1p=1
#ia(j,8) = 3.0 {F0iald. 3,1,0) + ¢ wiald, 3,0,0)} -
{:,8) €S0

Z Z {F*nia(G, 3,0, a) + ¢ gia(Jy 3.t a)} .

(v,a) €S
for (i,a),(s,8) € S.
By the generalized Little's formula (H = AG : [1], [2]).

s ULy AL, ).

ﬂ/mr() {wm J /3 (Ve ﬂ)wla(./urg)} 3 (6 S

(V,0)gia(4. 3)}, (6.9)

9ia(J,8)

1]

(V,0)+3=(v.n)S +s, (6.10)
or
(v,n) = (s —$)(I-9)7", (6.11)
where
J L,
S = ZZ’\Jﬁ(Zgla(.}ﬂ vng:a(jyﬁ)e
i=1p=1 a=]
wi (5, 8), ..., wiL,(j.3)) € R7 >,
J L, Ly Lj;
s = YD (Y G1alB) - Y 0aldeB),
j=1p8=1 a=1 a=1}

W11(j B), - .., L, (5. 3)) € RV
Finally let 1W;,(j. 8) be the steady state value of the sojourn

time of a customer spend at station : as a class a customer,

given that the customer arrives at station j as a class 3 from

outside the system ((Z, @), (J,3) € S). Then we have
Wia(j, B) = (s = 8)(I = S) ' Wio (4, B) + dia(J 3),
for (i,a),(j,8) €S. O

(6.12)
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