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Further Results for Multiclass M/G/1 Queues with Feedback (I)’
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1 Introduction.

We consider multiclass M/G/1 queues with feedbacks. Cus-
tomers in the system are classified into J groups. Further group
i at station ¢ consists of L; classes of customers (i = 1,...,J).
A single server serves customers at these stations. Customers
are served according to a predetermined scheduling algorithm.
After receiving a service, each customer feedbacks to the system
or departs from the systemn.

We consider priority scheduling algorithms in which priority
levels are assigned to the stations (groups) such that a station
with lower number has a higher priority level. All customers be-
longing to the same group have the same priority level. Service
order of customers in a group is FCFS. Once a customer begins
a service, his service is not interrupted by any other customer

until he completes his current service stage (non-preemptive).

2 Formulation of the model.

A class a customer at station i is called an (i,a)-customer.
Let S 1,...,L;}, and

J. = YL, L. Class (i,a)-customers arrive from outside the

{(i;@) : ¢ = 1,....,Jand a =

system according to an independent Poisson process with rate
Xio ((i,@) € 8). Let Ay = T: Ay and A = ©L, M. Ser-
vice times S, of (/,a)-customers are independently and ar-
bitrarily distributed with mean E[S;,] and second moment
%0, After receiving a service, an (i, a)-customer either feeds
back to the system and is changed into a (4, 8)-customer with
probability pi, 3. or departs from the system with probabil-
ity piapo ((i,@),(J,3) € S) (For convenience, pyo 3 = 0). Let
P = (piajs: (i,0).(j,3) € §) € RIx)e,

Let T;. ; be a total amount of service times a customer re-
ceives until he departs from the system or enters one of stations
j+1,...,J for the first time after completing his current ser-
vice stage as an (i,a)-customer ((i,a) € S). Let Ti, be its
exI;ected value and T, ;(r) be its expected value conditioned

on his current remaining service time r at station ¢. Then

S E[Sm} + Z'Lzl Z-[,’& pia.k",'Tk‘\'.J-, J=0,1.....J,
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for (i.a) € S (Tooj = 0). Further we define
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P,'+ = {zlzgi:l/\iaTia.j» j: lv~"7Jr
(pF = 0). Let us consider the following assumption:

Assumption 1. P*—=0asn—oc.and pf <1. O

Let (¢,a) denote the station-class pair of a customer being
served currently, and let r denote his remaining service tie.
Number of (¢, a)-customers in the system, who are not being
served, is denoted by n;,. Let n;. = (niv 1 « = 1,....L;),

n=(n,...,n;5). and n; = Zf;‘:,n,»q (¢ =1,...,J). Let v,

be a remaining service time of a group ¢ customer at the m*
position of its queue. Further let v; = ¥ hi_; vim, which is often
called a work at station¢ (¢ = 1,...,J). The class of a customer
at the m* position of station ¢ is denoted by ¢;(m). We define
avector (v,n) = (vq,..., 05,0y L)

Let us consider the e** customer (c¢) arrives from outside the
system at one of the stations at some epoch ¢ (¢ = 1,2,...).
Then let of be a time epoch just when he would arrive at
one of the stations after completing his &** service. Let us con-
sider transition epochs of the system consist of customer arrival
epochs and service completion epochs. Then let (K (t),I'(t)) €
S denote the station-class pair of a customer arrived at the
last transition epoch before ¢ (¢t > 0). (A (¢),T(¢)) = (0.0) if
a customer departs from the system at the transition epoch.
The station-class pair of a customer being served at time ¢ is
denoted by («(t).a(t)), and his remaining service time at time
t 1s denoted by r(t). We assume that («(7),a(7)) = (0,0) if
the system is empty at time 7, ot if 7 is a service comple-
Then let S = S U {(0,0)}. Number of (i,a)-
customers in the system at time ¢ is denoted by n;,(t). Let
n.() = (n(t) : a =1,..., L), n(t) = (n.(8)....,nu(t)),
and n(t) = Zé':l nia(t), (¢ = 1,...,J). Further let v;,,(¢) be
a remaining service time of a group 7 customer at the m
sition of its queue at time ¢t. Further let v;(t) = ):::,‘.(_.tl) Vim (1),
V(t) = (vim(t) : i = 1,...,Jand m = 1,2,...), and v(t) =
(vg(t). ... eg(t)).
Q = {Y(t) = (K(t),L(t),(t),alt),v(t), V(t),n(2)) :

Possible values of Y(t) (¢ > 0) are called states whose generic

tion epoch.

th po-

Then we consider the stochastic process
t > 0}.

values are denoted by Y = (k,v.¢, ¢, 7.V, n). The state space
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is denoted by &.

We would like to derive two types of cost functions defined
below. First type of the cost functions represents the mean
sojourn times for each class of customers. Fore =1,2,..., we
define

. 1, ifc®is an (7, a)-customer at ¢, .
Civiall) = (2.3)

0, if ¢ is not an (7, a)-customer at ¢,

for (i,a) € § (¢ 2 0). Then we define
[ i, (2:4)
0

£ [/: Cirin)dY (a]) =Y |, (2.5)

e

o

Wi (Y, e,0)

il

for ({,a) € Sand [ =0,1,...,where Y = (j,5,,a.r,V,n) € &
is the state of the system at time of. Let us consider ¢ is
arrived at the system as a (j, 3)-customer at time of. His initial
stay denotes a period from time of until he completes his first
service at station j just prior to af,;. The length of his initial
stay is called the initial sojourn time. Then for ¢, we define

WY, el) = E[/ﬂm Ciri()dtY (o) =Y, (26)
o

for ({,a) € Sand { = 0,1,..., where Y = (j,5,1,a,,V,n} €

&. Trivially, ”/'i{.w(Y‘ e, ) =0 for (i,a) # (j,). Then we have

Wi (Y, e,y = WlL(Y,e ) (2.1)
+E[Wio(Y(of ), e, 1+ 1)[Y(o]) = Y],
for (i,a) €S, Ye &, 1=0,1,...ande=1,2,....
Second type of the cost functions is related to the expected
work at each station. Let Cg,,(t) be the remaining service
time of c® at time ¢ in his current service stage when he is an

(, a)-customer at t. Then we define
@, = [ Caulva (25)
GalYe,l) = E[ 7 Couviny (o) =Y], (29)
o

o

Gl (Y,e,l) = E[/”’“ cg,.a(z)qu(af):Y],(2.10)
of

for ({,a) € S and I = 0.1,..., where Y € £. Trivially,
GI(Y,e, 1) =0 for (i,a) # (j,B). Then we have
Gi(Y,e,l) = GL(Y,el) (2.11)

+E[Gi(Y (0f41), 6.+ 1Y (0F) = Y],

for (i,0) €S, Y €& 1=0,1,...ande=1,2,....

3 Busy period processes.

Let us consider the system in state Y = (j,3,¢,a,r,V,n) € £

at some transition epoch. We select a set C = C(Y) composed

of some customers who stay in the system at that time.

Forany Y € £ and any € = C(Y), let B/(Y;C) be a (gener-
alized) busy period of the system initiated with state Y until
the first time when the system is cleared of the customers in
C and customers at stations l....,J, except for customers who
are initially in the system and are not in C. We call B/(Y;C) a
group J busy period initiated with (Y;C). B°(Y;C) denotes a

time to complete services of the customers in C. Then we have

E[BJ(Y;C)] = (z Z(l,m)GC J'ic.(m)J(“uu))/(l - f)f), (»5,1)
J = 1,...,J, where vy = v if C contains a group ¢ customer
being serye(l (E[B?(Y;C)] =3 Y (imec Vim)-

Let N and Vj} respectively denote the number of (/,48)-
customers and the work of ({,é)-customers at a completion
epoch of a group j busy period (0 < j <! < J and ({.6) € S5).
If the busy period is initiated by a (k,5)-customer. their ex-
pected values are denoted by Ni..h,‘,- and Vfw',‘,-, respectively

((k,7) € S). Then for any (k,v) € S,

Niyts = MeE[Stq) + piyis + D 3 A E[Ska] + Piy.is)} Nigas,
i=1g=1

i L .
Vigas = (M ElSia) + piyas} ElSis] + 3 3 A ElSia] + Prvis} Vi s,

i=l g=1
for 0 <j << .Jand (L&) €S. Now we define
&y=Nis + Zf:] Z;}“:I '\IBI\_"{,a,m
\60,15 =0,
by 15 = Phoyts + Yl Th PenisNgss: (k1) €S, (32)
&is = 5 ElSus).
Thots = XhyusEISsls - (k,7) € So,
for0<j<l<Jand (L) €S.
For any Y € & and any C = C(Y), let Nj;(Y;C) and
V‘,;(Y;C) (0 <j << Jand (l,6) € S) be respectively the
number of ({,§)-customers and the work of (I, 8)-customers at

a completion epoch of B/(Y;C). Then we obtain

T\—'{D(Y‘c) = Z 1+ Z Z {Uiméi,d + \,{Q(TH).[J} i (3;>

m€eC(C) (¢,m) €C
Vis(Y;0) = Z Utm + Z Z {Uimaa‘ + T{c,(m).{\f}' {(34)
m€eCs(C) (1,m) €C

where Cis(C) = {m : (I,m) ¢ C,¢;(m) = 6}.
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