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1Introduction  

Theproblemofcakedivisionistodivideacake  

amongacertainn11mberofindividualsinsuch  

Waythateachindividualissatisfied．   

Weass11methattherearenindividuals，andn  
associatedfinitelyadditive，nOn－atOmicmeasures  

ml，m2，…，mn，eaChdefinedonsomealgebraof  

SubsetsofcakeC，SuChthatforeachmi，mi（C）＝  

1・An entitlementsequence（α1，α2，‥・，αn〉isa  

SeqlユenCeOfpositiven11mberssatisfyingthatα1＋  

α2＋…＋αn＝1・Thepartition（れ，7）2，・・・，7㌔〉  

OfCishirwithrespect totheseq11enCe Ofmea－  

SureS〈ml，m2，・‥，mn〉and the entitlement se－  

9uenCe（α1，α2，・・・，αn〉ifandonlyifforeach  

％＝1，2，…，n，mi（乃）≧αi・Furthermore，the  

Partitionisslronglyhirifandonlyifmi（7）i）＞αi  

holdsforalli・SeeBarbanel，J・B・（1995）・   

Barbanel（1995）gives game－theoretic algo－  

rithmsfbrfairandstronglyfaircakedivisionwith  

entitlements．However，the number ofpieces re－  

Sultingfrom his algorithmis not bounded even  

forthecaseoftwoindividuals．Inotherwords，the  

numberofpiecescouldbemadearbitrarilylarge  

byas11itablechoiceofthemeasurescorresponding  

totheindivid11als’evaluations．IIowever，1naland  

divisionproblem，aParCeloflandisvaluableonly  

ifitis su伍cientlylarge．In contrast，anisolated  

tinypleCeOflandisvallleless．Inotherwords，in  

Ordertodealwithlanddivisionproblems，itisim－  

POrtant tOfind an algorithmsothatthenumber  

Ofresultingpiecesisassmallaspossible．Suchan  

algorithmis theoreticallyimportant，See Brams，  

Taylorand Zwicker（1995）（whichgivesmoving－  
knifbalgorithmsforenvy－freedivisionsothatthe  

numberofcutsisassmallaspossible）．Thepur－  

poseofthispaperistoprovidesuchalgorithms・  

2 Basic Model  

Ⅵ毎onlyallow thatourknifb parallelcuts the  
cake and suppose that one c11t Only divides the  

Orlglnalcontin110uSPleCeinto2continlユOuSPleCeS・  
Thereforeweact11allytreatthecakeasifitisof  

One－dimension．The whole cakeis s11PPOSed to  

be continuous，and has two end points Eland  

E2・We temporarilyput the two ends together  
anddenotethecommonpointasS，remembering  

thatwhen wefina，11ycountthenumberofresult－  

1ng pleCeS Ofpartition，We m11St remember that  

theorlglnalcakeCisnotcontin11011Sat S．Then  

thecakeisnowregardedasacirclewithcenterO．  

AnypointA∈Chasaone－tO－OneCOrreSPOndence  
with a counterclockwise rotation of radius丘om  
OStoOA．Givenapositiveintegerk，WeuSekoC  

torefbrC when the domainof∠SOAis extended  
from（0，27T］to（0，2k7r］・ThereforeanyO∈（0，2k7T］  

hasaone－tO－OneCOrreSPOndencewithapointAo  
inthecirclekoC，Whichsatisfies∠SOA8＝0．In  

thisw叩，anarCABofkoCalsodeterminesacen－  

tralangle／AOB＝∠SOB－∠SOA．Wedenote  

Si＝A2i打fori＝1，2，…，k．Each SiCOincides  

WithSphysically．   

Throughout thepaper，anymeaS11reisfinitely  

additive，nOn－atOmic，definedonsomealgebraof  

SubsetsofC，WhichgivesmeasureltoC．   

3 Fair Cake Division   

3．1 The caseoftwo players   

This subsection considers the case that n＝2．  

Wewriteα＝α1，andthereforeα2＝1－α．   

Weletoneplayerchooseasuitablek，and the  

otherplayermarkadivision、Of（0，2k7T］suitably，  

SOthatoneplayerissatisfactorywithonearccor－  

responding to a resulting central angle and the 

otherplayerissatisfactorywiththeremains．The  
algorithmisasfollows・  

Algorithm3・1‥  

1・P励er2mαrたβαCe要望JαmダJeβ1ぴん夏cんcor－  
re叩OndβfoαnαrC5’Aβ1＝Ql・  

Player2’sstrategy：Mark the angle so that   

m2（Ql）＝α・  

2．PJ叩erle抽erβαyβ‘c祝fクorαれnOllmCeβαpOβ才一   

如e哀れ吻erJαmdJefた＝［叫・〝PJ叩erlβαyβ  

‘c祝flfゐeri班e cαたe首βd古γ盲ded盲nわア1＝Ql  
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3．0坤祝f pαrf首fわm 〈ア1，乃，…，アん，アた吊   

∪た1Q；〉，αmdfんeダαme五β0眠r．  

αndア2＝C－Ql，αmd班egαme盲β0γer．  

Playerl’sstrategy：If ml（Ql）≧ α，then   

Playerlsays‘cut’・Ifml（Ql）＜α，then   

Playerlchoosesanlwhichsatisfies  

Jα－［h］＜α－ml（Ql）・ （3・1）  

3．PJ叩er2卸那里灯油血可瓶血Ⅷ吋1，2玩］   

吉和foJ－1才mねrγαJβ（β1，β2］，（β2，瑚，，  

（βト1，瑚＝（βト1，2た可・九0班erぴ0摘β，〆αyer  

＿｛．＿｛＿．  2r柁αrたβα化βQ2＝Aβ1Aβ2，Q3＝Aβ。Aβ。，…，  
＿．へ   

QJ＝Aβト15’たCOmβeC祝抽eJyαれdc盲化“Jαrgy・   

Player2’sstrategy：Mark the arcs so that   

4 Strongly Fair Cake Division 

Asanevidenceoftheexistenceofstronglyfair  

division，S11pPOSethat we areglVen aPleCeD of  

thecakeC such that mi（D）＝7＞mj（D）＝∂  
（where7，6∈（0，1）），forsomeplayersiand  

Sinceal1measures are atomless，Withoutloss   
・
（
ユ
l
 
 

generality，WeaSSumethatDisacontin11011SPleCe・  

Otherwise，WeCan11SeaSuitablecontinuouss11bset  

Of7）to replace D．For convenience，We denote  

盲＝1，ブ＝2，and否＝C－p．  

Theorell12Il／］（Tti＝ly（］］ltt－I／L”・r亡Ji，・nIgnril／tTIE  

班αf pro血ceβα卯γ±盲如m（ア1，ア2，…，アれ〉 扉C  

ぴん査cん古ββ細れ拘ゎ哀rl〃首班代印eCfわαれy meα－  

β即柁β ml，m2，・‥，mれ αれd αれy erif哀fJeme†lf βe一  

匹eれCe（α1，α2，…，αm）・凡r兢ermore，兢eα毎0－  

r鵡mr℃β祝如才nαfmoβf4×3几－2＋1p才eceβ・  

their meas11reS are the same．  

4．P励erlcん00βeβ0柁e扉Q壱（盲＝2，3，…，り，   

ぴゐicゐ盲ββ叩pOβedわみeQJ・   

Playerl’sstrategy：ChooseonewhichPlayer   
1meas11reSaSthelargest．  

5・rんeα化gJ哀βC“f♪℃mCαnd班ecαたe豆βdゴー  

U古ded盲mわア1＝QJαmd乃＝C－QJ・rゐe  
ダαme吏β0γer．   

Itiseasy tosee that3is theleast numberto  

form afair division．   

3．2 Thecaseforn players   

Fbrageneraln，Wehave  

TheoremlTher℃isagame－theoreticalgorithm  
兢αf p和血ceざαpαrf言わ0れ（ア1，ア2，…，7㌔〉 げC  

ぴん五cん 哀β カ盲r び鵡 代印eCf わ αny meαβ祝柁β  

ml，m2，…，mm αmd αれy eれf盲fJemeγlf βeヴ鋸eれCe  

（α1，α2，…，αれ〉・凡r兢ermore，兢eαJタOr鵡mre一  

別消音正＝弱れⅧ頑2×3れ●2＋1〆eceβ．   

Algorithm3．2：  

1．上efPJ叩erl，P励er2，‥・，P励erたd盲γ盲de   

Cわわrmαpαrf吏わ0れ（Ql，Q2，…，Qた〉，ぴゐ盲cゐ  

盲βルオrl〃混作甲eCfわml，m2，…，mたαれderレ  

刷川J川Jざ岬J川什  

5 Conclusion   

l．WestatedinSection3．1，thatthenumberof   

pleCeS2×3n－2＋1istheleastinthecaseof  
n＝2．However，Wedon’tknowwhetheritis  

trueforageneraln．Thisproblemisleftfor  

fut11rereSearCh．   

．2．Inthecasethatn＝2，WeCanaCtuallydivide  

thecakeintoexactlytwocontinuouspleCeSin  

manyapplicationcases，ifwelifttherestric－  

tionofparallelc11ttingthecake．   

3．Theaboveresultcanbeactuallygeneralized  

tothecaseofstronglyfairdivision，ifα＞6  

and Dis corttainedin theinteriorofC．  
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