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1Introduction   

Boolea11fl111CtiollSplayllnpOrtalltrOlesiI1111ally  

fieldsH11Ch asarti允cialilltelligellCe．databasetheory  

all（loperatiollSrCSearCll・Illparticl11ar，Classesofpos一  

助，e（alsocalle（1moT7・O10ne）alldHornfu11CtiollSare  

OlleSOftllClllOStilllpOrtalltClassesofBooleallfullC－  

tiollS、WllCl・Cafl111Ctiollfispositiveifitcanberepre－  

Sellte（1byaDNF（（1isjl111CtivellOrnlalform）illWllicll  

ea（：11ter111（‥011taillSllOllegativcliteral，alld Hornif  

itca11berepl・eselltedbyaDNFillWhicheachternl  
COlltaillSat1110StO11ellegativeliteral・Forexall－ple，  

positivefl111CtiollSareuSedtoderivethereliabilityof  

SySte111S，tOCOllStl・llCtCOteriesfol・111utualexclusioni11  

distribute（lsyst（！111Sandtocomputethepowerindices  

（e・g・，Shapley－ShubikindeJ＝）oftheplayersofsil11ple  

gallleS・Al町HorllfllllCtiollSal・eWidelyusedinprac－  

ticeasthel）l・0（lll（二tiol11・l11esilleXpel・tSyStemS，aSbaq  

Sisoflogl（：l）rOgrallllIl111galldasrepreseIltationtooIs  

Offunctiollaldel）ell（1ellCiesil11・elatiollaldatabasesys－  

tems・Frolllth（さSepraCticalpoilltS，thevariousprob－  

1enlS aSSOCiate（1witllthese classesllaVe beelleXtell－  

Sivelystll（1ie（1．   

Itiswell－kllOWll［1】thataBooleallftlllCtionfis  

Horllifa11（lolllyifF（f）（set offalsevectorsoff）  

iscloscdl111del・illterSeCtioll（i・e‥′t），W∈F（f）implies  

一′∧′u）∈F（f）．wllel・C∧del10teSthecolnpOllentWise  

ANDopcl、atio11）．FrolllaCOllCeptualpoint，WeWOuld  

liketollaV（一all10rebalancedrolebetweellT（f）and  

F（f）．whcrcT（f）issetoftrueVeCtOrSOff．Allatlト  

1’alalldsllggCStivepossibilityistorequiretllatT（f）  

all（lF（f）l）ehavc（111ally，Si11CeOandlaredualval－  

ues．Thisis tlle COnCept Ofbi（111alHorllfullCtions：  

AfullCtiollfi＝bidualHornifF（f）is closedullder  

illtCrSeCtionall（1，（lllally，T（f）is closedullder1111ioll  

（i・e・，llnder disj1111Ctio110fvectors）．Recalling that  

tlledualfdoffis（leh11edbyfd（1：）＝ア（富），tllisis  

eq－1ivalellt tOSayillgtllatfall（1fd arebothHor11．  

Therefore．the（lefillitio11req111reStllatbotllthesets  

T（f）andF（f）callbecharacterizedbyHorllrules，  

Whicllisimportalltinexpertsystems，払rexanlple，  

becauseastatelnelltCa11alwaysbeeitllerprOVedor  

disprovedbyapplyillgHornrules．   

We can easily verifytllat POSitive f1111Ctions are  

bidualHorn．Thusbid11alHorllfullCtiollSliebetween  

twoclasses ofpositiveand HornfunctioIIS．Besides  

theseapproaches，Otherpossibilitiesalsoexisttobal－  

allCetOrOleofT and F・Fol・eXample，tlleClasscs  

Ofsubmodular fullCtiollS all（1（loublc Horllf1111CtiollS  

llaVebeenillVeStigated【3、2］，WhereafullCtiollfis  

SubmodulariffandthecoIltra－dualroffareHorll．  

anddoubleHorniffalldfareHorn．   

Inthispaper，WeintroducebidualHorllfu11CtiollS，  

and characterize bidualHorn functiollSillternlS Of  

propertiesoftheirHor11inlplicalltS．F11rthermore，We  

COnSiderrecogllitiollprOblenlandproblenlOfcomput－  

1ngterm－Shortesta11dliteral－ShortestDNFrepresell－  

tations，WllereDNFpiscalledlerm－Shortesl（resp．，  

literal－Shortest）ifthereisllODNFcontainingfewer  

terms（resp・，aSlnal1ertotalnunlberofliterals），Whicll  

represents the same fullCtioIl．These DNFs reduce  

tllelnenlOryrequlrementSandillCreaSeSthecompu－  

tationale餓ciellCyOfHornbasedexpertsystelll．  

2 Preliminaries   

Forvectors一，，W∈（0、1）γl．1ettl∧w（1・eSp．．1，VtE））  

dellOtetlleinlersection（resp・．union）（i．e．．th（）COIll－  

POllelltWise colljl111Ctioll（resl）・1disjullCtion））ofvec－  

torsて′a11d w，e・g・，if一′＝（1100）alldJu）＝（1010），  

thenl′∧w＝（1000）an（ll，Vw＝（1110）．Recallthat  

aβ00Jeα几舟れ′Cfわれ，Ora舟れCf豆0几inshort，isalllap－  

piIlgJ：iO，1）m→iO，1）・r（J）＝†l′tJ（可＝1）  

an（lF（f）＝iて′lf（1，）＝0）aresetoftlletrueVCC－  

torsandfalsevectorsoff、reSpeCtively．Afunctioll  

fispositive（alsocalled monolone）if′L，≦wilnplies  

f（1，）≦f（tL））．A HornfullCtio11f hasawell－knowll  
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algehl・ai（：（：11ara（；tCrixatioll．glVellby  

〃′り∧w）≦Jいり∧J（w）．  

Wllichise（1－1ivalellttOtlleCO11（1itiolltllatF（f）isclos－  

Cd1111dcrilltel・Se（‥tioll．EquivaleIltdefillitionsofpos－  

itive all（1Hornf1111CtiollS Ca11bc glVellillterlllS Of  
disjunctit，（川Ormalhrm（DNF）．ADNF pisa dis－  

junctionVた1tiOfterlllS．Thelellgtl10faDNF（or  
arbitraryfor11111la）p、（le11OtedbyLpトisthenl1111ber  

Ofsyl－1boIsi11P・ADNFp＝Vitiiscalle（lposilil・eif  

alltiarepOSitivc．all（1HornifalltiareHorll．Wecall  

af11nCtiollPOSiti・t・e（resp．，Horn）ifandonlyifitcan  

bereprese11tedl）ySO111Cl）OSitivc（resp．、Horn）DNF．   

Intllispapel・、Weal・eintel・eSte（1illreStrictillgHorn  

fl111CtiollS f11rtller bylmpOSlllg Selllanticalbalanced  

COllditiollS Ollt．11C trlle alld false vcctors．A fullCtion  

fiscalle（1bidualHorli′ifT（f）isclosedu11derullioIl  

all（1F（f）is closed undel・illterSeCtion．The classof  

a11tlleSe f1111CtiollSis（1ellOted by CBH．Note that  

fisbi（111alHor11ifall（lolllyiffandfdareHorn，  

wllerefd（二I：）＝f（i）．Forexal11ple，f＝豆13：2X3V  

ユ‥1烹3X4V：］：2；r3J‥4isbi（1ualHol・11，becausefd＝（flV  

：r2Vェ3）（コニ1V雷3Vこぢ4）（諾2V∬3V諾4）＝雷1£4Vご1∬2V  

J；2否3V志21：4Vl：1X3Vl：3X4．I11particular，eVeryPOSitive  

fl111Ctionis bidllalHorll．  

3RecognitionofbidualHornfunctions  

VVeilltrO（lll（二C SOllle ad（1itiollalllOtations．For a  

ter111t，defi11e tlleSCtS Ofill（lices P（t）and N（t）by  

f＝∧Jぴ（t）彗∧J∈Ⅳ川魚ノ，alldletV（り＝P（り∪Ⅳ（け  

Furthcrn1Ore・foral）airofterl11Stiandtj，1etusde－  

110tebyt［jtll（，l）OSitiveternlSuCllthatP（t［j）＝  

P（ti）uP（tj）1all（1l）y琉thcpositiveternlSuChtllat  

P嶋）＝Ⅴ（り∪Ⅴ（枯ml・eXanlple，汀fl＝∬1雷挿3  
all（lt2＝君1：t：4，tllellt壬2＝こrlX3X4alldt‡。＝XIX2X3  
∬4・  

LemmalLelpbeaHom・DNF．T7）・enPrePreSentS  

・′んJ・J州J肌＝Ⅵ／州－・／ノりJJ小川－Jり坤／げ  

杭≦や （叩流血帥拘，島≦甲） （1）  

／川仙ル…JJJ…J′・バりJ〟り川hr…い川（／†．′f7′ヾ州・イ′  

兢αりⅣ（り∪Ⅳ（fJ）l＝2・  □   

Exploitillg tllislelllllla，We Obtailla pOlyl10111ial  

tilllealgoritlll11fbl・・・（：11eCkillgtllCbidualityofaHorll  

DNF．  

TheoremlG哀一l，eγlα∬0γmβ〃ダリ．decよd壱乃g′U，んだ〃ほr  

ノ＝り…・ヾ川Jバ・∫い・J…J〟り川／…・・†ノ＝‥・・川ん‥J州・／J′  

りい‖コしl川川＝′イ＝＝′〃J川りJ‥／／′＝川川J一・′・イい川．、  

わlや．  □  

However，WeCallSllOWthatrecogllitionoftllebi（I－  

ualityfromallOll－HorllforllllllaisdifEc111tinge11eral．  

TlleOreIl12エり√ん‥∫Jり川川／一丁．TJ＝Ⅷ－J・・・んJノり／伊／＝－  

ナノ…、ゞ′り…・い′両・′J一／ん・′り州・・′／り′′J…卜Nl－－川川J一い・．  

…JJげヾ∴＝♪＿＼’F．  □   

4 Shortest DNFs ofa bidualHornfu－  

nction   

In tllis section．we sllOW tllat，t．erm－Shortcst alld  

literal－Sl10rteSt DNFs can be computedin polyllO－  

mialtime frollla glVen HorllDNF．TlleSe COlltraSt  

With tlle knowllllegative rest11ts that computi11g a  

terlll－Shortest DNF or alitel・al－Shol・teSt DNF of all  

arbitraryHorllDNFisNP－11al・（1．TlluS．bidllalHorll  

functiollS COnStituteanilllI）Ortallt S11bclass ofHol・11  

fll11Ctio11SforwllicllCOlllputillgaliteralLShortestalld  

term－Shortestpr1111eDNFsispolyl10Inial．   

TllぐOr（、1113ん／ー－∴‥J〃り川JハーI’イー′い－／′川J肌り・′′  

J州・・／ん川J・7’／′川り／……／…′・／‥J／廿晶＝。け＼’f’りナノー  

cα花ゐecomク祝fed舟omp哀γ10（lやl2）ま壱me．  □   

Theorpll14L・I，－i．＝JIl（mJI）．VF・・／，I7・i．III．1If［，Jl・lJ  

／…りん川J・TJ＝〃・∫J／／川J／－・、／…J九ヾ′β．＼一J・’イノ●川JJん・  

・COmp一弘£ed虞犯0（lpl（7赫几p＋困））f豆me，祝，九ere7托九αmd  

川∫．・J川り／・JJ′‥川＝ん…イ肌川・川・／〃仙両＝†＝＝・‥′′  

・√・′…上川′・恒亘／．  口   
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