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1. Introduction

A membership function of a classical fuzzy set
assigns to each element of the universe of dis-
course a number from the unit interval to indi-
cate the degree of belongingness to the set un-
der consideration. The necessity to deal with
imprecision in real world problems has been a
long term research challenge that has originated
different extensions of fuzzy sets. Atanassov [1]
introduced the concept of an intuitionistic fuzzy
set (IFS) which is characterized by two functions
expressing degree of belongingness and the de-
gree of nonbelongingness, respectively. IFS can
be useful to deal with situations where the clas-
sical fuzzy tools are not so efficient.

2. Preliminaries

Let Z be a real topological vector space unless
otherwise specified. Let P(Z) denote the set of
all nonempty subsets of Z. The topological in-
terior and topological closure of a set A € P(Z)
are denoted by int A and cl A, respectively. A set
C € P(Z) is a cone if tz € C for all z € C' and
t > 0. The transitive relation <¢ is induced by a
convex cone C as follows: for z,2/ € Z, 2 <¢ 2/
if 2/ — 2 € C. The eight types of set relations are
defined by
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A<V B & vaeAWbeBa<cb

A<B B &L 3uc Ast Wbe Ba <o b
A<B B &L SheBst Yac Aa<cb;
A4<P B &L A<BY Band A< B
A<B B &L whe B 3ae Ast. a<ob;
A<8Y B &L vae A FeBst a<eob;
A<® B &L A<BY Band 4 <Y B
A<WB &L 3ueA,TbeBst a<oh.
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for A,B € P(Z).

A pair A = (mj,v3) is called an intuitionistic
fuzzy set or IFS on Z, where pz,v;: Z — [0,1]
are the membership and non-membership func-
tions, respectively, such that p;(2) +v4(2) <1
for all 2 € Z. When pz(2) +v4(z) = 1, A is
called a fuzzy set in the classical sense.

Let I == {(a,) € [0,1)2 | a + 8 < 1} be the
set which is used to give values for o, in the
(v, B)-cut of A defined as

Awp) =12 € Z | pi(2) 2 a & vi(z) < B}

We define < as the partial order where (a1, 31) =
(a2, f2) means oy < a9 and f; > fy. Clearly,
fl(a%ﬁz) C 121(01751) whenever (al,ﬁl) = (ae, B2),
for any (a1,p01), (ag,B2) € I. A is said to be
normal if fl(a,g) # @ for all (o, B) € I. We denote
by Far(Z) the set of all normal IFS on Z.

3. Intuitionistic fuzzy set relations

By considering the set relations between («, 5)-
cuts of two IF'S, the intuitionistic fuzzy set rela-
tions are defined as follows.

Let C C Z be a convex cone and @ # A C I.
For each j = 1,2L,2U,2,3L,3U, 3,4, the intu-
itionistic fuzzy set relation (IFSR) Sé(j) is de-
fined by

A<2Y B e=v(a,8) € A, A p) <% Blap)

for normal IFS A and B.

The set A is a collection of values of («, 3) that
are of concern in comparing intuitionistic fuzzy
sets. The minimum element min A and maxi-
mum element max A are considered as singleton
sets provided that they exist with respect to the

partial order <.



From the definition, we obtain the following
implications:

A<AW B— A<8CD B 186D p—y 1 <A@ B,

A<BW B—= A< B— A<SBY) B— A<2W B

A<tV B=A<5P B=A<5® B= A<5W B;

for any IFS A, B.

If min A and max A exist, then
(i) A Sé(l) B < Apina S(cl) Buin A
(i) A Séw B <= Apaxa 5(04) Binax a-

As evaluation measure of the difference be-
tween two IF'S, the following functions called dif-
ference evaluation functions for IFS are defined.

Let C C Z be a convex cone, k € int C, and
@+ A CI. Foreachj=1,2L,2U, 2, 3L, 3U,
3, 4, the difference evaluation function Dé(kj) :
Fn(Z) x Fn(Z) — RU{£o0} is defined by

Dé,(kj)(jl, B) :=sup {t eR ‘ A+ tk <A(J) B} 7

for A, B € Fn(2).
IFSR
and difference evaluation functions
Let @ # A C I. An IFS A on a real normed
space Z is said to be A-compact if A(a,g) is
,B) € A. A set-valued map
F is said to be Hausdorff upper (resp. lower)

4. Correspondences between

compact for all («

continuous at xq if for any neighborhood V' of

xg, there is a neighborhood U of xy such that

F(z) C F(zg) +V (resp. F(zg) C F(x)+ V) for

all € U. Under these setting, A is said to be

(i) stable to A-level decrease if the set-valued
map A 3 (o, ) — fl(aﬁ) € P(Z) is Haus-
dorff upper continuous;

(ii) stable to A-level increase if the set-valued
map A 3 (o, 3) — fl(aﬂ) € P(Z) is Haus-
dorff lower continuous; see [2].

Let C be a convex cone in a real normed vector
space Z, k € intC, @ # A C I, and A, B normal
IFS on Z. Then with j =1,2,3,4
statements hold:

(i) D2Y(A,B)>0= 4 <m<t)o B;

(i) A<V B= D2Y(A,B) >

, the following

(i) DEY (A4, B) >0 = A <3V B
(iv) 4 <pbs, B = Dg ()(AB)>OifminA
exists and A and B are (min A)-compact;

A(2
DeP(A,B)>0= A<)? Bif Aand B
is A-compact;

A2) 7 A1), 7 B . .
A<1tCB:>DCk(AB)>01fAls
compact, and A and B are both A-compact
and stable to A-level increase;

. AB) T P T AB) B T ~
(vii) Doy’ (A,B) > 0= A <o Bif Aand B
are A-compact;

A <P B = DEPNAB) > 0if A s
compact, and A and B are both A-compact

(viii)

and stable to A-level increase;

INOYE A4 5 -
Dei(A,B) 2 0 = A <) B if maxA
exists and A and B are (max A)-compact;
(x) A <3\ B = DgY(A B) > 0 if maxA

ex1sts

(ix)

5. Conclusion

Several types of intuitionistic fuzzy set rela-
tions have been introduced based on a convex
cone as new comparison criteria of intuitionistic
fuzzy sets. Several results related to the corre-
spondences between IFS and their difference eval-
uation functions were obtained under some as-
sumptions of certain compactness and stability.
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