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1 Introduction

Beckmann et al. [1] show that the flow is
a Wardrop equilibrium iff it solves some op-
timization problem, which we call here the
BMW optimization. This method has also
been extended and widely applied to an equi-
librium model of capacitated networks. Cor-
rea et al. [2] formally show that a solution of
the constrained BMW optimization problem
satisfies an extension of the uncapacitated
equilibrium concept. The converse, however,
does not hold true. This gap has not been
addressed in the literature. We show that
the constrained BMW optimization problem
itself characterizes the equilibrium of some
game.

To this end, we follow the approach of Mar-
cotte et al. [3], who consider a mixed strat-
egy formulation. In addition, we consider
three stages of uncertainty. In the ex ante
stage, a user has not been assigned his/her
origin-destination (OD) pair yet. Before na-
ture randomly assigns an OD pair to each
user, the user chooses the best set of mixed
strategies, each of which is a plan contingent
on the assignment of his/her OD pair. Then,
in the interim stage, a user knows his/her

OD pair and chooses the best mixed strat-
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egy, which assigns a probability to each path
associated with his/her OD pair. Finally, in
the ex post stage, each user with a specific
OD pair chooses the best path from the set
of the paths associated with his/her OD pair.
The change in the strategy space (from pure
to mixed), the mode of equilibrium (from
asymmetric to symmetric), and the decision
timing have no significant implications on
the equilibrium analysis of networks in the
absence of link capacity constraints. How-
ever, it turns out that this seemingly super-
ficial change helps characterize the equilib-
rium of constrained networks. Specifically,
when there are link capacities, the ex ante (ex
post) user equilibrium is the strongest (weak-
est). There is an intuition behind this. From
the ex post stage to the interim, and from the
interim stage to the ex ante, as moving back-
ward in time, a user has more strategic ma-
neuverability to stay within the constraints.

Thus, moving backward in time, the equilib-

rium requirements become more stringent.

2 Model and Analysis

Let A and K be the sets of arcs and OD
pairs, resp. A path P is a set of arcs con-
Let P be the set of
all paths and Py the set of paths associ-

necting an OD pair.



ated with £ € K. Denoted the traffic flow
on path P € P by fp. Let F be the set
of all f = (fp)pep With D pcp frp = dy,
ke K. Let fo = > ps, fp. Let La(fa),
a € A, be the nondecreasing latency function
and {p(f) = Y ,cpla(fa). Define C¥(g) =
Y acala(fa)ga. A flow f € F is said to be
a Wardrop user equilibrium if fp > 0 and
P € Py imply £p(f) < Lgo(f) for all Q € Py.

We next move to the mixed strategy for-
mulation. A user is assigned to the OD pair
k € K with the probability 7 = di/d. De-
note by k(P) the OD pair served by the path
P. Let xp be the probability that a user
with the OD pair k(P) chooses path P. Let
i = (xp)pep, and ¢ = (xk)re k. Note that
fir = dipxi. Denote the set of all strategy
profiles by X. The set of mixed strategies
of a user with the OD pair k£ is denoted by
Xi. Let f(x) = (fp(x)) pep where fp(x) =
di(pyrp and fo(x) =3 ps, fr(x). The path
latency function is £p(x) = >, . p la(fa(T)).
Let C;f(yk) = ZPEPk lp(x)yp and C*(y) =
> ker TOE (Yg)-

We now assume that a link a € A has ca-
pacity c,. Let F¢ be the set of all flow vec-
tors satisfying the demand/link capacity con-
straints. The set of all strategy profiles satis-
fying the link capacity constraints is denoted
by X¢. Define the following.

1. A path @ is said to be ex post feasible
wrt. fe Feif f, < ¢, for all a € Q.
f € F¢is an ex post user equilibrium if
fp > 0 implies £p(f) < Lo(f) for all ex
post feasible paths @ € Pypy. We say

that @ € X¢ is an ex post user equilib-

rium if f(x) is an ex post user equilib-
rium.

2. Y, =
terim feasible w.r.t. @ € X if f,(x) =
Cq implies > po, pep, (Yr — zr) < 0.

x = (xp)rex € X° is an interim user

(yr) € X is said to be in-

equilibrium if for every k € K, x) €
argmin,, C7(y,) s.t. y, € X is interim
feasible w.r.t. .
3.y € X is said to be exr ante fea-
x € X°if fiulx) =
Ccq implies Y po TR (yr — Tr) < 0.

x € X is an er ante user equilib-

sible w.r.t.

rium if * € argminC*(y) st. y €
y

X is ex ante feasible w.r.t. x.

Let Eex post s Einterim and Eex ante represent
the sets of ex post, interim, and ez ante user
equilibriums, resp. We consider the following

constrained BMW optimization problem.

minf(x) s.t. x € X (1)

where 0(xz) = >, c4 foa(w) lo(u)du.. Here

are the main results of this paper.

1. gex post 2 ginterim 2 gex ante

2. @ € Eox ante iff it solves (1).

Thus, the ex ante equilibrium is a characteri-

zation of the constrained BMW optimization.
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