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1. Introduction

Recently, the concept of similarity of the pro-
jection point has been incorporated into the stud-
ies of least-distance DEA. The least-distance pro-
jection point is known as the closest target of
the evaluated DMU. The extended facet pro-
duction possibility set (EFPPS) is often used in
the least-distance DEA to ensure monotonicity.
However, previous studies have shown that the
EFPPS is not well-defined if no facet exists on
the efficient frontier. This study further show
that the EFPPS (i) is unsuitable for the DEA
models that have nonlinear objective functions;
(ii) may also result in weakly monotonic efficien-
cies in the input-oriented measurement. We in-
troduce a well-defined extended production pos-
sibility set based on weight restrictions and fur-
ther propose a generalized output-oriented DEA
model that (i) satisfies strong monotonicity; (ii)
provides the closest target; (iii) can handle non-
linear objective functions and can be solved using
linear programming (LP).

2. Issues of input-oriented models

The following counterexample shows that the
EFPPS may result in weakly monotonic efficien-
cies in the input-oriented measurement. We pro-
ceed with the discussion under the assumption of
various returns-to-scale.

Table 1: A numeric example
A B C D FE
x 1 2 5 3 4
y 4 5 6 2 2

The efficient DMUs consist of DMU 4, DMUp,
and DMU¢g. The strongly frontier of the PPS
consists of two line segments, that is

*(P)={(z,y) |z —y+3=0,1 <z <2}
U{(z,y) |z —3y+13=0,2 <z <5}.
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The EFPPS can be represented as
P exra = Lcon M Ra_,

where

E”:{@W) z—3y+13>0

r—y+3 >0, }

is a convex PPS. The strongly and weakly effi-
cient frontiers of Py are given by

O (Puxen) = 0%(Pooy) NRY,
0" (Pyxpa) = 0°(Pyxen) U{(0,9) [0 <y < 3},

respectively. Projecting the input x in Py to-
wards 0°(Pyyy) may lead to infeasible solutions
(e.g.,min{ |07 || (xp — 0~ xp,yp) € O°(Puxm) })-
Since there exists (z,y) € 0Y(Puywm) for any
y > 0, we consider the following commensurable
Hoélder input distance function for the measure-
ment of inefficiency:

Dyp(,y) = min { [67|| (z — 6" 2,y) € 0" (Pexu) } -

If (x,y) € Py and y < 3, D, (x,y) projects
it onto {(0,y) |0 <y <3} C 9¥(Puym). There-
fore, it follows from yp < 3 and yg < 3 that
D;(FA(xD7yD) = D;YFA(J:E?yE) = 1, which im-
plies that strong monotonicity is violated.
3. A well-defined extended production
possibility set

It is well-known that the EFPPS is not well-
defined if there is no facet on the strongly efficient
frontier. We show that this issue can be effec-
tively avoided by using a proper matrix A. Let
A be a g X (m + s) positive matrix and consider
an input-output weight restriction

(v,u) = pA and p > 0. (1)
Theorem 3.1. For any positive € < m, the
TeStrictions v1 > €, Uy 2> €, UL > €, ,Ug >

e and Y v+ > 0y ur = 1 satisfy (1) for a
postive matriz A = (I —e(m + s)E)™", where I
is an identity matriz with the size (m+s) and E
is all-one matriz with the size (m + s).



For any efficient input-output vector (x,y),
there exists a hyperplane

(2)

with a positive normal vector (v,w). With-
out loss of generality we can assume Y., v; +
> o _,ur =1lon(2). By using a small number € >
0, DEA usually replaces the positive conditions
v; > 0 and u, > 0 with the non-Archimedean
conditions v; > € and wu, > e. It follows from
Theorem 3.1 that the non-Archimedean condi-
tion is the input-output weight restrictions (1).

The matrix A can be also interpreted by the
production trade-offs between the inputs and
outputs. Based on the weight restrictions (1),
we define the extended production possibility set
Py as

vr+vg—uy =0

ShoNmi+d =a, A() >0
YNy —dt =y, y>0
SN =1, A>0

and it has properties as follows:

Theorem 3.2. The PPS P4 satisfies 0" (Pa) =
0°(Pa) and {m | (z,n) € P4} is bounded for any
(ar:, y) € Py.

4. A generalized output-oriented DEA

(z,y)

model
The output-oriented SBM DEA model [4] is
1
i —_—— 3
min 115 5 (3)
st (x,y+N(y)d) € Pa, 620, (4)

where N(y) is a diagonal matrix whose (r,r)
entry is y,.. The output-oriented RM DEA

model [2] is
ol

1SS 1
min . ; 150
which is equivalent to the output-oriented BRWZ
DEA model [1]. The output-oriented GDF DEA
model [3] is

s 1/s
) 1
min (H 1+5r> (4)
r=1

All objective functions of the DEA models are
decreasing, continuous, and quasi-convex on R?.

()

(6)

Let g be decreasing, continuous, and quasi-
convex on R and consider the following output-
oriented DEA model, where the best practice is
on 0° (Py):

max
s.t.

9(9) (7)
(,y + N(y)d) € 0°(Pa), 6 >0.(8)

Let fa(x,y) be the optimal value of the DEA
model (7)—(8).
Theorem 4.1. The efficiency measure fa is
strongly monotonic on PAN((R7 \ {0}) x R5.,).
The commensurable Holder output distance
function for the measurement of inefficiency is
defined as min{> 7 ,0,|(8)}. Let Da(z,y)
be the commensurable Holder output dis-
tance function for (x,y). Then, we have
Da(x,y) = min{d},...,05}, and 0] can be
obtained by solving the following LP prob-
lem: max{J |(x,y +y-de,) € Pa} forallr =
1,...,s. By choosing ¢(d) from the SBM DEA
model (3)—-(4), RM (BRWZ) DEA model (5), and
GDF DEA model (6), the output-oriented maxi-
mum efficiency measure can be a decreasing func-
tion of D(x,y) as follows: fa(x,y) =
; if 9(8) =

1 1
1+ D (z,y) 1"‘%2?:1 Sr

° D , . s
% (S - 1+S£,”El£’,§,)) if g(6) = %Zr:l 1+15r
1 1/s
1 s . _ S 1
(1+DA(:c,y)> if g(9) = (Hrzl 1+6r>
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