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1 Introduction

Most studies on corporate investment have focused

only on capital as a production factor. In this study, we

consider both labor and capital as production factors

and investigate the impact of labor share on a firm’s

investment timing and size decisions.

2 Setup

A firm’s output at time t is Qt = (LatK
1−a
t )b where

Lt and Kt denote the amount of labor and capital,

respectively, and a ∈ (0, 1) and b ∈ (0, 1) denote the

labor share in production and the degree of returns to

scale, respectively. The product’s price is Pt = XtQ
γ−1
t

where γ ∈ (0, 1). The demand shock Xt follows

dXt = µXtdt+ σXtdWt

where µ and σ are positive constants and (Wt)t≥0 is

a standard Brownian motion. A risk-free rate is given

by a positive constant r. Lumpy investment in capital

K incurs costs δ0 +δ1K and labor requires wage w per

unit time. The firm’s profit flow after investment is

π(Xt, Lt,Kt) = PtQt − wLt = Xt(L
a
tK

1−a
t )bγ − wLt.

3 Models and solutions

3.1 Fully adjustable labor

Suppose that the firm can adjust the amount of labor

at any time without costs. The optimal labor given

demand shock X and capital K is

L∗(X,K) =
(abγXK(1−a)bγ

w

) 1
1−abγ

,

and thus, the profit flow given X and K is

π(X,L∗(X,K),K) = ψX
1

1−abγK
(1−a)bγ
1−abγ

where ψ := (1− abγ)(abγw )
abγ

1−abγ .

Proposition 1 Given demand shock X, the firm

value is

V (X) =

{
A(X∗

I )
(
X
X∗
I

)α
if X < X∗

I ,

A(X) if X ≥ X∗
I ,

where

A(X) = φK∗ (1−a)bγ
1−abγ X

1
1−abγ − (δ0 + δ1K

∗)

with φ := ψ

r− µ
1−abγ−

abγσ2

2(1−abγ)2
and α := 1

2 −
µ
σ2 +√

( 1
2 −

µ
σ2 )2 + 2r

σ2 .

The optimal capital K∗ := K∗(X∗
I ) and investment

threshold X∗
I := X∗

I (K∗) are determined by

K∗(X) =
{ (1− a)bγφ

δ1(1− abγ)

} 1−abγ
1−bγ

X
1

1−bγ ,

X∗
I (K) =

{ α(δ0 + δ1K)

(α− 1
1−abγ )φ

}1−abγ( 1

K

)(1−a)bγ
,

and the optimal labor at the timing of investment is

L∗ := L∗(X∗
I ,K

∗).

3.2 Partially adjustable labor

Now suppose that the firm can make incremental ad-

justment in labor but only with irreversibility. That

is, once the amount of labor is increased, it cannot be

reduced afterwards.

Lemma 1 The firm’s optimal choice of labor at time

t given capital K is

L̂∗(Xt,K) =
( (α− 1)rabγX̄tK

(1−a)bγ

αw(1 + r)(r − µ)

) 1
1−abγ

where X̄t := sup0≤s≤tXs.

Proposition 2 Given demand shock X, the firm

value is

V̂ (X) =

 Â(X̂∗
I , L̂

∗(X̂∗
I ))
(
X
X̂∗
I

)α
if X < X̂∗

I ,

Â(X, L̂∗(X)) if X ≥ X̂∗
I ,
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where L̂∗(X) := L̂∗(X, K̂∗) and

Â(X,L) =
LabγK̂∗(1−a)bγ

r − µ
X − wL

r

+ χL1−α(1−abγ)K̂∗α(1−a)bγXα − (δ0 + δ1K̂∗)

with χ :=
(

(α−1)r
w(1+r)

)α−1(
abγ

α(r−µ)

)α
1

α(1−abγ)−1 .

The optimal capital K̂∗ and investment threshold X̂∗
I

are determined by

X̂∗
I =

α(r − µ)(wL̂
∗

r + δ0 + δ1K̂∗)

(α− 1)L̂∗abγK̂∗(1−a)bγ
,

(1− a)bγ
X̂∗
I

r − µ
L̂∗abγK̂∗(1−a)bγ−1

+ α(1− a)bγχL̂∗1−α(1−abγ)K̂∗α(1−a)bγ−1
X̂∗
I

α
= δ1,

with the optimal labor at the timing of investment

L̂∗ := L̂∗(X̂∗
I , K̂

∗).

4 Comparative statics

We adopt the following benchmark parameters for

comparative statics: r = 0.06, µ = 0.02, σ = 0.2,

b = 0.9, γ = 0.1, w = 1, δ0 = 5, δ1 = 10.
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Figure 1: Labor share and investment decisions based

on benchmark parameters

Figure 1a shows that the investment thresholds are

concave with respect to a. This comes from the con-

vexity of average product of capital and the concavity

of average cost of capital regarding the labor share in

production.
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Figure 2: Labor share and investment decisions for σ =

0.3, b = 1, and γ = 0.3

Figure 2a shows that investment can be made ear-

lier with partially adjustable labor than it would with

fully adjustable labor (i.e., X̂∗
I < X∗

I ) when demand is

volatile and price-elastic and labor share is low. This

finding is associated with the sensitivity of marginal

value of capital with regard to demand shocks.

A more detailed illustration on the results and re-

lated empirical evidence will be given at the presenta-

tion.
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